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PREFACE 

In the present volume I have pursued the work on the interferences o£ 
reversed and non-reversed spectra, b^un in my last report (Carnegie Inst. 
Wash. Pub. No. 349, i9i6)iiii a variety of promising directicms, such as the 
original investigation suggested. It will be remembered that the reversal 
(i8o°) here contemplated talces place on a transverse line of the spectrum 
{i.e., a line parallel to the Fraunhofer lines), which thereby becomes a line 
of symmelxy for the phenomena. The apparatus has been extensively modi- 
fied, so as to admit of measurements relating to individual fringes. The 
object of such quantitative work, however, is to furnish a guide for the devel- 
opment of the experiments and to corroborate equations, not to collate 
standard data. These could hardly be satisfactorily obtained, moreover, 
unless the work were done with t^tical plates and mirrors, whereas the work 
in this volume and the preceding has been done with ordinary window-plate 
and usually with film gratings. 

A large part of Chapter I is devoted to the treatment of prismatic methods, 
developed with the additional purpose of securing a greater intensity of light. 
A very curious intermediate case between the interferences of reversed and 
non-reversed spectra is the pronounced interference of s^wctra from the same 
source, but d different lengths (dispersion) between red and violet. The 
phenomena of crossed rays find a parallel occurrence in the present paper, 
in the behavior erf duplicated fringes, when similar gratings or prisms di^>erse 
and subsequently recomlmie a beam of white light. A type of fringes is 
detected which depends merely on the grating space and is independent of 
wave-length. An interesting questitm as to the limits of micrometer displace- 
ment within which binges erf any kind are discernible (observations vrbicb 
were at first supposed to be due to the degree of uniformity of interferii^ 
wave-trains) is eventually shown to be a necessary result of dispersion. 
Finally, the direct interference of divergent rays obtained from polarizing 
media is ezhitated. 

In Chapter II the interferences of inverted spectra, a subject merely 
touched in the preceding volume, are given greater prominence. In this 
case one of the two spectra &om the same source is inverted (i8o°) relatively 
to the other on a longitudinal axis («.*., an axis normal to the Fraunhofer 
lines), which thus becomes a line of symmetry. In the development of the 
subject, spectra half reversed and spectra both reversed and inverted are 
treated successfully. In the latter case the conditions of interference are 
fulfilled at but a single point in the wturfe area of the spectrum field; and 
yet the phenomenon is pronounced and not very difficult to realize. The 
limits of micrometer displacement within which interferences may be obtained 
are again determined. At the end of the chapter it was thoi^ht useful to 
collate available equations in the treatment of phenomena of the present kind. 
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The third and fourth chapters are incidental applications of the displace 
ment interferometer and contain experiments on the expansion of metal tubes 
by internal pressure and on a promising method of measuring the refraction 
of glass, irrespective of form. To carry out the experiments in the last case 
with requisite rigor, optic plate-glass apparatus would unquestionably be 
essential. Nevertheless the tentative data obtained are noteworthy, 

I have begun in Chapter V the development of displacement interferometry 
in connection with the older Jamin-Mach interfercnneter, an instrument 
which has certain peculiar advantages and is in a measure complementary 
to the Michelson interferometer. The work was undertaken in connection 
with the micromeasurement of the difference of heights of communicatii^ 
columns of hquids, though the latter had to be abandoned in consequence 
d the excessive tremor in a laboratory surrounded by active city traffic. 
I shall hope, however, to carry out such work elsewhere. 

The chief result of Chapter V is the detection ttf the achromatic inter- 
fenences, as I have called them for convenience — interferences which are 
ultimately colors of thin plates seen at oblique incidence; but with the new 
interferometer, and obtained with white light, they are peculiarly straight 
and vivid and resemble a narrow group of sharp Fresnellian fringes with the 
central member nearly in black and white. They are capable of indefinite 
magnification and their displacement equivalent is a fraction of a mean wave- 
length per fringe. Notwithstanding their strength and clearness, they are 
so mobile in connection with micxometric displacement that in general it 
would be almost hopeless to attempt to find them but for the fact that they 
coincide in adjustment with the centered ellipses or hyperbolae of the spectrum 
fringes of the displacement interferometer. 

The fine white slit-image which is dispersed to produce the latter carries 
the achromatic fringes when the slit is indefinitely broadened or removed. 
Once found, moreover, they are not sensitive to small differences of adjust- 
ment if a change of focal plane is admissible. The chapter shows a curious 
method for the measurement of vertical displacements, possibly available 
for the detection of ether drag, whidi, though just insufficient in connection 
with the spectrum fringes, would be promising in connection with the achro- 
matic fringes. Finally, the chapter contains some repetitions of the old 
experiments of Fizeau on the periodic evanescence of fringes due to the sodium 
lines. Curiously enough, the achromatic fringes also show periodic recurrence 
sometimes, which as yet remains unexplained. 

The peculiar adaptability of the new interferometer to the measurement 
of small angles, either in a horizontal or a vertical plane, is developed in the 
final chapter. The ratio of the angular displacement of fringes to the angle 
to be measured {i.e., the rotation either of the paired mirrors or of an auxiliary 
mirror in the apparatus) may be made enormously large, and the paper shows 
cases in which, with strong luminous fringes, the angle to be measured is mag- 
nified 500 times. Moreover, this is by no means a limiting performance. Again, 
while angles as small as a few tenths of a second or less are measured, angles 
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as large as several d^rees come naturally wtthic the scope of the method. 
Similar remarks may be made with respect to the ratio of angular displace- 
ment and micrometer displacement. Given, therefore, an apparatus which 
measures very small angles without constraint or forced appnotmations, the 
measurement of long distances is the next result in order; fen- it is merely 
necessary to place the angle to be measured at the apex of the distance triangle 
on the length of the ray parallelogram as a base. This may be done in a 
variety of ways, some of which are shown in the diapter. The sensitiveness 
may again be made remarkably large. 

The binges here in question are preferably the very luminous acbranatic 
fringes. They have been identified as ultimately colors of thin plates, but 
they look like Fresnel's fringes. In connection with this work, however, 
another type (d fringes was detected obtainable with a fine slit, white light, 
and in case of centered spectrum fringes when the ocular of the telescope 
(or the eye) is out of focus. These are actually Fresnellian interferences, 
but being made up of broad concentric hyperbolic areas, InilHantly comple- 
mentary in color, they resemble the lemniscates oi Uaxial crystals without 
the shadows. 

My thanks are due Miss Lena F. Uhlig, who has assisted me efficiently in 
the preparation of this vtdume for the press. 

Carl Barus. 
Brown UnvutsnT, 
PrevidtHCt, Shed$ Idafid, Juiu 19x7. 
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CHAPTER I. 



HBTBODS FOR REVERSED AND nOIT-SEVERSIOD SPECTRUM 
HfTERFEROHBTRT. 

1. Introductory. — Thus far it has been impossible to use the fringes of 
reversed q>ectra individually, because of the tremor of the apparatus. It is 
therefore desirable to endeavor to obviate this annoyance as far as possible, 
and the end would appear to be most easily obtainable if the distances ocar- 
resptmding to the same path-difference are made smaller. At the same time 
the results for small distances will be interesting ftn* this very reason in 
contrast to the long-distance methods. 

Purtheimore, the development oi different methods, with a consideration 
of the peculiarities cf each, will constitute an essential contribution to the 
theory of the phenomena; for frcmi this the degree of importance which is 
to be attached to the original diffraction at the slit of the collimator (*.«., 
the limiting angle at the sUt, within which diffracted rays must lie to be 
subsequently capable of interference, whether reversed or inverted) will 
appear in its relations to the total dispersion c^ the system. The slit, however 
fine, is still a wave-&ont of finite breadth. 

3. Apparatus. — In the first experiment, the device with two identical 
reflecting gratings, GG', figure i, was firmly mounted on a massive spectrom- 
eter, the four mimns, m, n, M, N, being specially attached. White light 
received from the collimator L after two dispersions was viewed at the tele- 
scope T. Both gratings were on a slide ss, enlarged in figure 2, set in the 
direction LT of the previous figure. The carriages, figure 2, was provided 
with universal joints (a with a vertical axis, b and « with horizontal axes 
normal to each other), while the swiveling of the grating G was controlled 
by set-screws at d, relative to the axle at «. 

Unfortunately, the displacement of the mirror M, figure i (on a microm- 
eter) , passes the corresponding pencil across the face of the grating C and thus 
virtually includes a fore-and-aft motion c£ the latter. Thus the fringes pass, 
with rotation, from very £ne, hair-like striations, through a horizontal maxi- 
mum oi coarseness, back to vertical lines again, when homogeneous li^t 
and a wide slit are employed. The annoyances due to tremor, however, were 
not overcome. Moreover, there is difficulty in obtaining Fraunhofer lines 
normal to the longitudinal axis of the spectrum. This method was therefore 
abandoned. 

The design shown in figure 3, with a transmitting grating at G (grating 
space Z? = 35aXio-* cm.) andastrongerreflecting grating atC (/? = 2ooXio-* 
cm.),was next tested,M being the micrometer mirror. The mean distance of 
M from N was about 15 cm., from MN to C about 10 cm. and toG 40 cm. 
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Later these distances were enlarged. First-order spectra were used and tho 
fringes fiiSt^fy^ easily and brilliantly, particularly with mercury light, in 
bo^ gre^'and yellow. They rotated as above, admitted a displacement 
^ of-^bout I cm. But they were still too mobile to be used individually. 
'..•••.The same design, figure 3, was now mounted on a round, heavy block o£ 
''• cast iron B, 30 cm. in diameter and 4 cm. thick, the distance G to MN being 
about 30 cm. A number of screw-sockets, b, b, were drilled into B on the 
right and left, for mounting subsidiary apparatus. G' as before was on the 
universal slide (fig. a), movable in the direction LT. The tablets t, t', etc., 
dC, M, N, and 6^ were mounted tentatively on standards of gas-pipe 1.5 cm. 
in external diameter and 6 cm. long. Slight pressure by the finger-tips showed 
a passage of several fringes across the field, but the fringes were stationary 
in the absence of manual inteiferences and in spite of all laboratory tremors. 
A parallel arm d the same pipe was therefore finnly attached to the stem oi 




N and M, each arm terminating in a fine horizontal set-screw, 5, 5, below, 
adapted to push ^[ainst the rim of the iron block. In this way adequately 
stationary conditions and an elastic fine adjustment for superposed longi- 
tudinal spectrum axes were both secured with advantage. Similar elastic 
adjustments have been recently applied. It was now possible to manipulate 
the micrometer at M by hand; but a glass-plate compensator C, rotated by a 
tangent screw over a graduated arc, was also convenient. Later other types 
were attached, including an air-compensator, in which path-difierence was 
secured by exhausting the air within a closed pipe provided with glass-plate 
ends. These contrivances were eventually superfluous, however, as it was 
found that on reducing the rotation of the micrometer'-screw the latter could 
be used at once. 

In case of homogeneous light and a wide slit, fringes were visible in an ordi- 
nary telescope for a play of over a cm. of the micrometer-screw, passing, how- 
ever, between extremes of fineness. The slit images are not of equal breadth, 
if first- and second-order spectra are superposed ; but if the longitudinal axes 
are ccnnddent, any position of the narrow image within the broader produces 
a wide vertical distribution of fringes, usually more or less horizontal. They 
are very easily found. The sodium flame is too feeble for use. The mercury 
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REVERSED AND NON-REVERSED SPECTRA. 11 

arc is unfortunately too fiickering, so that the fringes jump about and are 
useless for measurement. Excellently sharp quiet fringes are obtained with 
sunlight (white), in which the cross-hatched interference pattern is nearly- 
linear at the line <^ symmetry of the reversed spectra. The fringes climb 
very decisively up and down this line with the motion of the micrometer, 
reduced as suggested. The electric arc and a Nemst filament are equally 
available as a source of light. Finally, by suitably rotating the grating C, 
figure 3, on the eaos *, by aid of the set of screws d, fringes whose distance 
apart is over one-third of the width 6i the telescope field may be obtained 
quite sharply. As this distance represents but 30X10-* cm., there is no diffi- 
culty of realizing io~* cm. in case of these long fringes. 

3. IVleasureiiieiits. First- and vooaaA-order spectm. — ^The steadiness of the 
fringes, even in an agitated location, induced me to make a few measurements 
for orientation. Accordingly, the Fraunhofer micrometer, reading to lo** cm., 
was provided at its screw-head with a light wooden wheel w, figure 4, about 




10 cm. in diameter and 3 mm. thick. A groove was cut in the circumference 
of t^e wheel, so that a silk thread t could be wrapped around it. The other 
end of the thread was wound around a brass screw s, about 6 mm. in diameter, 
turning in a nut, preferaUy of fiber, whidi was fastened to the edge of the 
table by a small brass damp. In this way it was possible to control the motion 
of individual fringes crosang a fiducial line in the field of the telescope. This 
simple device worked surprisingly well, a smoothly nmning micrometer being 
presupposed. In fact, it was possible to set a fringe to a few millionths of a 
centimeter. Later the micrometer-head was grooved and a finer turning- 
screw suitably attached to the base £ erf the apparatus. {Cf. % 70. bdow.) 

The fringes should be widened as far as convenient, by rotating the grating 
on the axle «, figure a, by aid of the set-screws d. In this case they climb up 
or down the transverse strip as s in figure 4 is slowly rotated. Fringesmoving 
hcttizontally are not serviceable, because they are too near together. It is 
not difficult to obtain the single vertical line, black or bright, on suitable 
rotation about e. On either side of this transitional adjustment the &inges 
move vertically (dimb or fall) in opposite directions for the same micrometer 
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displaconent. The arrow-Ghaped forms are also often satisfactory, and may 
be obtained by adjusting the two bright patches on the reflecting grating 
into coincidence, by the eye, in the absence of the telescope. The grating C 
is moved fore and aft for this purpose on the slide s, figure a, until the two 
bright strips become one. 

In making the first adjustment, I incidentally combined the first-order 
spectrum from N with the second-order spectrum £rom M, as shown in figure 5, 
under the impression that the wider D groups from the latter were due to 
slight curvatures of mirrors. The fringes were nevertheless easily found and 
showed no anomalies, eatcept that observation had to be made near M or N. 
It appears from figure 5 that the equations for this case imply 
an* + sin 6't=3\/Dt 
sin* —an 9',=' 'k/D, 
where the angles i and * are eqital ((f»= ff't). Thus sin *=3X/aZ>» and sin 
9^\/3Dt, Z>» being the grating constant (Z^-aooXio^* cm.)- 
Hence 

sin t=o. 4430 sin ^=0.1423 
t = 36''i4' 9t— 8°ii' 

while firom the first grating, I>i=352Xio-* cm., *i=9''38'; whence 

ir=*4-^=-3S''sa' 8»« — *«- 16*36' 

The trial readings given in table 1 of the micrometer for a passage of 

30 fringes each were found without special precauticms, which is eqtiivalent 

Tablb I. 



Scale parts. 


i(Hcm. 


19.7 


9.85 


3I.O 




31.3 








34.6 


13.3 


35-8 


ia.9 


lU 


13-5 


14-1 



to an average of io-*X3o.i cm. per fringe. As the line of symmetry lay 
very near the two DiDt doublets, this is obviously an approach to half a wave- 
length. For accurate work DiDt and D'JD't shoidd be superposed, in which 
case the fringes would lie between and actually correspond to their mean 
wave-length. 

A number of measurements like the above were now made with different 
types of fringes. The mean values successively taken from 3 or 4 batdies 
of 30 fringes each were 

io*5« — 39.4, 30.0, 31.3, 30.6, 29.7, 30.1, 30.0, 30.0, 30.8 cm. 

The results were less dedded when long fringes were iised. The mean 
value of the 10 setsisthus feXio*=30.i9 cm. per fringe. Actual or apprtMt- 
mate coincidence of the Z) lines made no appreciable difference. 
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In the foUowing results the reflection from the miiTOr M, figure 5, was 
used in the first order and from Win the second order, after leaving C Obser^ 
vations were made near N, figure 5. The displacement corresponding to 
80 fringes was successively 0.0034, 0.0024, 0.0034, 0.0034 cm., so that the 
mean value 

io*{fs3o.o cm. 
agrees with the above. 

Similar trial observations (combined first order from N and second order 
from M) were made with red Ught near the C line in series of 6 with a mean 
value 5«Xio*— 34.0 cm. Again, near the 6 line (green), giving a»Xio* — 37.2 
and 37.8 cm. per fringe. These should therefore be distributed in terms of 
wave-length, as in table 2. 

Table 2. 





I0<1 


R&tio. 


itMe 


Ratio. 


c 

D 
b 


5>-7 


i.ii 

I. 

0.88 


34-0 on. 

30.3 

37s 


1. 13 
0.91 



and they are as nearly as may be expected in the ratio in question, seeing 
that the total displacement for 60 fringes does not exceed 0.004 cm. For 
accurate data it would be necessary to count many hundreds of fringes, and 
to correct the ie values by multiplying by sec {9t — 9i)/2. I have not done 
this, as the red and green fringes are not so distinctly seen as the yellow. 

4. Contlniied. First-order spectra. — ^The apparatus was now read justed in 
sudi a way that first-order spectra were available frtun both mirrors. This 
puts the grating (7 at a greater distance from the line M and N than before, 
for the angle 9% ts smaller. A series of trial results were investigated in the 
same manner as above, the mean values from 4 succes^ve pairs of 80 fringes 
each being, in three repetitions, 

hXio*— 39.0, 39.4, 39.5 cm. 
and from 5 pairs of 100 binges each, 

i#Xio* — 39.1 cm. 
This makes an average of 

teXio**39.35 cm. 
somewhat smaller than half a wave-length of the D light used. Unfortu- 
nately, the screw at s (fig. 4) here worked jeridly, to which the low value is 
probably due. 

In this case sin 0i^\/Du vbere 1)1—353X10-* cm. or ff'i— 9°38';8in Ct— 
\/Dt, where IJ» — sooXio"* cm. or tf'i"i7°9't whence 
ff=26*47' and 3-7'3i' 
In a later series of esqieriments, the play c^ the screw ; was inqiroved, bo 
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that it ran more smoothly. The following values were found in two repeti- 
tions, from 4 patis of So fringes each: 

&Xio*— 30.1, 30.0 cm. 
and in 5 pairs of 100 fringes each, 

i«Xio*"39.s an. 
If the mean vahie of these data is compounded with the above mean, the 
aver^ieis 

feXio* = 29.s6 cm. 

S. Ctmtinued. Second^trder qiectra. — ^The same phenomenon was not 
sought in the two second-order spectra from G'. Magnificent arrows were 
obtained, useful throughout about 5 mm. of the micxometer-screw, after which 
they lost clearness. This limited range could no doubt be immensely increased 
if optical plate glass were employed in place of the ordinary plate used. The 
data for pairs of observations, including 60 or 80 fringes, were (5 repetitions) 
fcXio-*=30.3, 30.5, 30.0, 30.8, 31.1 cm. per fringe, giving a mean value of 
S«Xio*-'30.5 cm. In the last two measurements the sodium doublets 
ctnndded. 

In this case sin 9*1— aX/A, where ZJi = 300X10"* cm. and A ~353Xio-* cm. 
(first grating). Thus 

(r=4S°44'. i = i()^3%* 
If the above mean data are summarized the results appear as follows (X = 
58.93X10-* cm.): 

C first order, G^ first order, mean 3eXjo* = 39.56 cm. 
<7 first order, (7' first and second order, mean J^Xio'bjo.s cm. 
(/firstcmler, C sectmd order, mean <t«X 10*^30.5 cm. 
And if computed as it=\/2 cos I/2, these become 
Table 3. 



teXio* 


Diff. 


39.78 
30-37 


+0.03 can. 
+ -42 
+ .33 



The maximum error of 4 X 10-' cm. is equivalent to but a little over i per cent 
of the distance between fringes, and it would be idle to suppose that the appa- 
ratus, figure 4, could be set more accurately. In fact, the largest error occurs 
in the second set, which were first made and in which the play of the apparatus 
was inadequately smooth. 

6. Theory. — Hence the theory of the apparatus (fig. 6) may be r^arded 
as justified. Here the rays Y and Y' come from the first grating {G transmit- 
ting), and after reflection from the opaque mirrors M and N (the former on 
a micrometer) impinge on the second reflecting grating G', with a smaller 



Digitized DyGOOgle 



REVERSED AND NON-REVERSED SPECTRA. 15 

grating space, and thereafter interfere along the line T, entering the telescope. 
To treat the case the nurrors M, etc., may be rotated on the axis T nonnal to 
G' in the position Mi. G\ and G'^ show the reflections of (7' in the nuirors 




N and Mi. We thus have a case resembling the interferences of thin plates, 
and if r_ is the nonnal distance apart of the mirrors M\ and N, the displace- 
ment Aim per fringe is given by 

X =• aAf a, cos l/a 
where S is the angle between the rays incident and reflected at the mirrors. 
This is the equation used above. If the mirrors and the reflections of the 
gratings G' make angles v/a and ff mth G', the actual lengths of the rays (pro- 
longed) before meeting to interfere terminate in e and / respectively. Let the 
image of (?' be at a normal distance t apart. Then e = le^ cos v/i.tor the figure 
fdbt is a parallelogram. If the distance tg is called C we may also write 

X see cos ft+Can 9t 
since C*3#H sin o/a and the angle of diffraction 4— (r+S)/9. 

7. CompensatCM' measurements. Sharp wedge. — ^^^th the object of testing 
the interferometer under a variety of conditions, measuremeDts were made 
with a number of different compensators and the experience obtained may 
be briefly given here. The first of these was a very sharp wedge, such as 
may be obtained from ordinary plate glass. The piece selected, cut from an 
old mirror, on being cahpered, showed the following dimensions: Length, 
5 cm. ; thickness at ends, 0.375 u^d 0.367 cm. Hence the angle of the w«]ge 
is a— 0.0016 radian, or about 0.1°. No difficulty is eiqierienced from the devia- 
tion of the rays for so small an angle, though sometimes the fringes are unequal 
and the lines presumaUy curved. This wedge was attadied to a Fratmh^er 
micrometer moving horizontally, and the ncnniality of the rays passing through 
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the glass was found by rotating it around an axis perpendicular to the rays 

until the direction of motion of the fringes was reversed. In view td the small 

angle a and the micrometric displacement, it was easy to count an^ fringes, 

or fractions as far as about i /30 of a fringe, even thoti^ the beam traversed 

the glass twice. In the first experiment the fdlowing data of the horizontal 

displacement, r, of the wedge were found for successions of 7 frii^es: 

0.2044 cm. 0.3043 0.3043 0.3067 

0.3058 cm. 0.1976 0.1946 0.18888 

Mean, 0.3008 cm. Per fringe, ifcoaSj cm. 

The last three results are low, the discrepancies probably resulting from 
slight wabbling of the micrometer slide. In another series made wi^ care 
as to the normal adjustment, the horizontal displacement, r, ctf the wedge 
for successions of 1 1 parallel fringes was 

0.3033 cm. 0.3997 0.3974 0.3003 0.3991 0.3078 
0.3081 cm. 0.3101 0.3170 0.3183 0.3155 
Mean, 0.3014 cm. Per &ii^, dr=o.o374 cm. 

If 3; be the distance from apex of the wet^, its t-hifTfTu-m is «~xa, or per 
fringe Se — aSx. The iodex of re&action was found to be ^-1.536 by total 
reflection. Thus, without correcting for dispersion, 

3O1— i)fe-X 
and with the above values 

io-»Xs.893 J. 

a = = — ^^ — =o.oo3o radian 

3X0.536X0.038 

This is larger than the calipered value because the rays go through the wedge 
twice obUquely. The reduction, however, would be too compHcated here 
and will be treated later. 

The irregularities above are referable to the micrometer, which was not very 
accurate, and no particular care was taken with details. The method is inter- 
esting as allowing of the complete control of a ^gle fringe ; i^., the equivalent 
of 30X10"* cm. As this corresponds to 0.038 cm. on the micrometer, the dis- 
placement Sx = 0.001 is equivalent to lo^* cm. Furthermore, the method pre- 
sents an expeditious means of finding a^X/aOi— i)&i: when a is very small. 

8. Continuation. Revolvlos plate. — In the next place, the revolving com- 
pensator C, figure 3, was employed. This also proved to be an admirable 
device for controlling the fringes, and it was mudi more rapid than the pre* 
ceding. Unfortunately the computation is inconvenient, as the normal 
position can not be ascertained with sufficient accuracy. To find it, the plate 
was revolved until the fringes changed their direction of motion. This is an 
indication of the insertion of the minimum thickness of glass, but is not sharp 
enough for precision. Hence data in A, table 4, are not coincident, i denoting 
the an£^ of incidence. Another somewhat better and thicker plate was now 
inserted with the results shown in B. 
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e -0.370 cm. 


B 


ThidEiiess«-0489 


cm. 


No. of 
fringes. 




((probable 
value). 


No. of 
Erin«:es. 


i 


i (probable 
value). 




40 
50 


0' 0' 0' 
44 5.8 7.3 
7.4 8.0 9J 
9,6 9-7 "■' 
1 1.4 13.6 
13.0 138 


0" 

n 

9-5 
1 1.0 
13.3 




10 

30 
40 


0' 0- 0" 
6-0 5.5 4.9 
7-9 7-3 7-0 
9.5 8-9 8-5 
I0<| 10.3 9.9 


o° 



The second series here is practically the mean of the 
two, though the reason for these large discrepaades is 
not dear to me, even in considerati(m of the wedge- 
shaped plates. The mean of the results may, however, 
be used for computation. 

The path-increment introduced by the glass of thick- 
ness «=o.489 cm. and index of refraction ^1 = 1.536, at 
an ai^ of inddence t and refraction r f or tt fringes, 
beginning at t-o, may be written (see fig. 7, where lis 
the incident ray) 

Y cos(.-r) 

This is a cumbersome equation. If the angles 1 are small, 
be ej^anded and then approximately 

3BX-»(0*-i)r»+(.-r)') 
which, since i=fir neariy, may be further amplified to 

Thus for the second set (mean) 



'(--■)■ 

'■COST ' 




r = 3-6- 
10^ = 6.7 



6.4 



S-9 
6.9 



6.5 cm. 



The wave-length thus comes out very much too large, but in ctnuddoation 
of the inadequacy of the fiducial position, t^-o", this is not unexpected. 
Thus the probable values of t in the tables (ctmputed from X correct) agree 
with the third series. In addition to this the ^ect of slightly wedge-shaped 
plates, etc., can not be ignored. For the first set (mean values) the results 
are similar, being 



io'X-6.8 7.0 6.9 



7.0 



if computed by the approximate equation. This is again too large, but the 
probaUe value of i computed from the correct X, as before, agrees nearly 
with the first series of this set. 
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9. CoaQaiiafloa. Air columii.— An air compeiisator was now installed 
cona'sting of a tube ««> 15 cm. kmg and about a cm. in diameter, closed with 
0aas plates. Hie fringes wefe easily found and sharp. Unfortunately the 
pump was not quite tight, so that, on breaking the count of fringes at low pres- 
sures, it was difBcuIt to state when the conditions bad became isothermal. 
Hence the results in table 5 are rough. Temp. 19.7°. 

Tablb 5. 



No. of 


Bxhattsted 


'£ 


Xio* 


frinses. 


to(p). 





75-1 cm. 






30 






59-7 cm. 


67 





ii.i 


60.0 





75-1 












57.« 


70 







571 





75.1 






40 


32.1 


10.7 









11.3 





The mean value thus appears as X^ io-*X5-88 for sodium light The equa- 
tions used are 
(1) «X-«0«-i) 

where M is the number of frii^es counted, « the tube-length, and ^ the index 

of re&actton of air. Again, 

(3) p~COi-i)i> 

where f is the pressure, tf the absohite tempeiature, and the constant C 
computed from normal conditions (76 cm. and o" C.) is (Mascart's values) 
C" 953.6. Hence 

x« -£-f- •■ — ^ — * dp 

when tf is constant. ItisthisasstnnptionwhichisnotquiteguaTanteedabove. 
To obviate this in the following experiments, the total number of fringes 
were counted (table 6) from exhaustion to plenum. Thdr number was definite 
to the fraction of a fringe. 

Tabls 6. 



(3) 



Temp. 19.3' C: C-15 cm. 


No. of 
Mojo. 


Exlunsted 
totf). 


i 


Aio« 


«9.S 


«9.5 



7J.8cm. 

75.8 

75-8 


ijjjo 


58'icm. 

is'i 
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These results are correct to 0.5 per cent and are as close as the estiniation of 
f, c, tf, and fractions of a frit^e wilt warrant. If results of predion were 
aimed at, a long tube should of course be used. What was particularly 
marked in these experiments was the motion of fringes in the passage from 
any approximately adiabatic to isothermal conditions and on approaching a 
plenum of air. 

^nce the refraction depends on density, there should not (apparently) be 
any motion at all; but the thin tube is always more nearly isothermal than 
the muc^ larger barrel of the air-pump. As a consequence there is reddual 
eatpansion from the former to the latter. 

10. CoDtioiiation. Babloet con^ieiisator. — The behavior of an old Babinet 
compensator, placed nearly normal to one of the beams, figure 3, was peculiar, 
though the binges were clear and easily controlled. The dimensions of the 
right-handed quartz wet^e were roughly calipered and found to be: length, 
4.3 cm.; thickness at ends, 1.017 and 0.934 cm. Thus there is a grade of 
0.083/4.3 — 0.0193, or something over 1° of arc. A vertical displacement of 
3.5 cm. of this wedge was available behind the stationary counteracting 
left-handed wedge. ^ 

The fringes were not uniform and they required an indination 
to the vertical of the rulings of the grating C. The fringes were 
evidently curved lines, intersected by the vertical strip within 
which they are visible. Consequently they appeared as in figure I '/\ 

8, with linear elements in themiddle, shortening into dots at dther / 

end of the strip. On motion of the compensator we<^e they '/ 

movedtowardorfromthecenterof symmetry, as is also indicated g 
in the figure. Tiled forms were frequent. The most interesting 
feature, however, was their alternate appearance and evanescence 
in cydes. While the wedge was moved over 3.5 cm. of its length, 
7 of these cydes appeared and vanished, each consisting of about 
^6 to 40 fringes. The disappearance was not always quite ccnn- 
plete, but the fringes could not be restored by any adjustment for 
coinddence of spectra. 

An attempt was made to find the an^e of the quartc wec^e by the first 
method. Data, 0.0023, 0.0034, 0.0034 em-* were found for the displacement 
of the micrometer per fringe. Hence, apart from dispersion, 

io-*Xs.893 J. 

a— - — ™ 0.02a radian 

a Xo. 5442X0.0024 

which, as in case of the glass plate, is again slightly above the calipered vahie. 

In another somewhat tlunner Babinet ctnnpensator the constants were: 
length, 3.35 cm.; thickness, small end, 0.494 cm., large end, 0.496 cm. The 
prism angle is 0-0.062/3 35-0.0185 radian, also about 1°. 

In this case there was no periodic phenomenon, but in its place the degree 
of longitudinal coinddence of the axes of the two spectra continually dianged. 
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The fringes at oace sharpened, however, on readjustment of either mirtDr, 
indicating a continuous small change of deviation, due to curvature, probably, 
in the quartz viedge. In the preceding periodic case, no readjustment of 
deviation sufficed to restore the fringes. The wedge was now detached and 
used alone. In spite of the relativdy large ai^le (i*^, no difSculty was ex- 
perienced in adjusting or controlling the fringes; but the face curvature just 
suggested appeared as before, so that readjustment for varying wedge-angle 
was required from time to time. 

II. Micrometer displacement of the second grating, Q' (fig. 3). — In the 
preceding report (Carnegie Inst. Wash. Publication 349, Chapter III, S iS) it 
was shown that if the angle between the gratings G and G'is^ and the angle 
between the mirrors M and N (which in a symmetrical adjustment would be 
180°— (Ci+ft), 01 and 0j being the angles of diffraction at (7 and (7' for nonnal 
incidence at (7) is decreased by a, so that the adjustment is non-symmetrical, 
then the displacement Se of the grating G' per fringe will be very nearly 
X cos" tfi 
3(0 — 9) an fl» 
if a and ^ are small. Here a is effectively the angle between the mirrors M 
and N, anoe, if Af is rotated 180° on the line of symmetry (normal to the 
grating G), the two mirrors would intersect at an angle a. The result of fore- 
and-aft motion thus depends on the angle a—V, and if ci=?, te= 00 per 
&inge; i.e., fore-and-aft motion would produce no result. This is necessarily 
Table 7. 





No. of 
fringo. 


Total 

ment. 


ment per 
fringe. 


>3 

<I4 


0.0334 cm. 
367 
293 

-0303 
317 
318 
346 
330 

.0385 

III 


0.0088 cm. 
.0080 

.0073 



the case when but a ^ngle grating is used, as in the earlier methods. In the 
case of two gratings, however, it is not only difficult to make a perfectly 
synmietrical adjustment of mirrors and grating, but it would not be of any 
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spedal advanta^. Hence the fore-and-aft displacement « of the grating G' 
will probably be accompanied by a slow motion of the fringes, from which 
the angle a—^ may be computed. 

The eatperiments recorded in table 7 were made with the grating G' 00 a 
micrometer-slide moving normally to the face of the grating. With the 
mirrors, etc., placed so that optical paths were nearly equal, the adjustment 
screws on M and N sufficed to bring the fringes strongly into view. Succes- 
aons of 3 and of 4 fringes were tested, as these required an adequately large 
displacement of the micrometer, which was moved both forward and backward. 

The mean of the three results is {#— 0.008 cm. per fringe. The data are 
not smooth, because the nucrometer placed between the mirrors M and N is 
in an inconvenient position for manipulation. The different sets of values, 
moreover, correspond to different adjustments and therefore to slightly differ- 
ent values of a— ^. As an order of values only is wanted, it was not considered 
worth while to remedy the deficiencies. 

In accordance with the equation given, if fe= 0.008 an., X = 58.9X10"* cm., 
ft— 30° be inserted. 



2Sean0t 

The adjustment is thus about half a d^ree out of symmetry, a result 
wluch in case of improvised apparatus is inevitable and moreover without 
significance in the precision c^ the method. 

12. Prism method. Reflection. — Ilie grating G was now removed and 
replaced by a silvered prism, as shown to figure 9 (P, prism; M, N, mirrors; 
G, grating; T. tdescope). A small prism angle, «>, is essential («>- 18**, about), 
as a large divergence of rays would 
not be accommodated on the interfer- 
ometer, figure 3. The fringeswere found 
without difficulty, in the second order, 
the arc lamp being used. They are also 
easily distorted, if the edge oi the prism 
is not parallel to the rulings of the grat- 
ing. In such a case the symmetrical 
arrow-shaped fonns become one-sided 
and, as it were, curved or faintly 
fringed beyond the limits of the strip. 
To get the best adjustment, the lamp 
should shed about the same amount of undeviated light from both faces of 
the prism, on a screen temporarily placed behind it. The illuminated strips 
on the grating must coincide to the eye while making the fore-and-aft adjust- 
ment. Finally, the grating is to be slowly rotated on the axis nonnal to 
itself, until fringes of satisfactory shape and size appear. Naturally this 
is done through the tdescope, and a readjustment of the longitudinal axes 
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of the spectra is necessary after each step of rotation. Fringes so obtwned 
are as good as those obtained by any other method. 

The range within which the fringes are sharp is small, not exceeding a mm. 
of disfJacement of the micrometer mirror, M. A partial reason for this will 
Eq)pear &om figure 9 and results from the fact that the illumination on the 
grating due to M moves laterally across the stationary strip due to N. Clearly 
if the latter were also on a micrometer it might, in turn, be displaced relatively 
to the direction (A M and restore the fringes to full brilliancy. The range 
in this case may be increased till either illuminated strip gets beyond the 
edges of the grating. Tins test will presently be made. 

If the prism angle is ip and the angle of diffraction for normal incidence is 9, 
the angle 8, between the incident and reflected ray at M, is 

Thus t tan 6/3 is the displacement <^ the strip <A hght on the mirror M, 
if c is the normal displacement of the latter. Hence the corresponding dis- 
placement X on the grating is 

x = 9« sin (5/3) /cos Q 
If b be the distance from the prism to the l^ht spot reflected on M, and c 
the distance from there to the bright spot on the grating, ip may be com- 
puted as 

Csinfl 3\c 

^^ = -^=v 

for the spectra are in the second order. 
The data are: 

10^ = 58.93 cm.; 6=38.ocm.; c>=3o.4cm.; Z> = aooXio-*cm. 
Whence 

P = i8°i3' ff-36°6' 5-i7'*S4'; V^-S's?' 

^nce 

25 X 0.1556 

* — «a O.OQO cm. 

0.808 

if «<3o.35 cm., as found. Thus the rays of the same ori^, or rays capable 
(rf inteif erii^, are found in a verticat strip on the grating, not more than imm. 
wide. It is interesting to note that the fringes vanish by becoming coarser 
and wider, corresponding to the narrowing of effective edges in contact. 

The att«nq>t to produce these fringes with homogeneous (sodium) light and 
a wide slit again failed, although much time was spent in the endeavor. Even 
with a narrow slit and accentuated sodium lines (impregnated arc) the phe- 
ncmenon may be produced between the doutdets, however dose together, but 
it fails to appear mth the same adjustment when two corresponding lines 
coincide. I was only able to produce it in a continuous spectrum, between 
the two doublets and with a fine slit. It is very important to ascertain the 
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Both mirrors, M and N, were now placed on micrometers moving nearly 
Donnal to their faces. B^^tnning with a coincidence of the illuminated strips 
on the grating, the M micrometer was moved until the fringes disf^ipeared. 
The N micrometer was then moved in the same direction, until the re^tpearing 
fringes passed through an optimum and finally vanished, in turn. There- 
after the M micrometer was disi^aced again, always in the given direction, 
and the same cycle repeated, etc. It was posdble to pass through about 
8 cycles with each micrameter before the illumination reached the edge of 
the grating, each cycle corresponding to a displacement of about a nun. for 
a angle mirror; but a total disi^acement of a.5 cm. was registered, which 
would obviously have been increased much further if the grating had been 
wider. The data given in table 8 give a concrete example : 
Table 8. 



Position 
of N. 


Advance 
otN. 


Remarks. 


Portion 

OfW. 


oTnT 


Remorlo. 


2.43 cm. 
a.20 

1:98 

1.75 


0.33 cm. 
.33 


Broad arrows 

if advanced 
Narrow arrows 

if advanced 
Upright lines, in- 
dination changed 
if advanced 


1.75 on- 
1-54 

"M 
1-37 


1-7 


Vertical lines 

if advanced 
Vertical lines 

Jf advanced 



As both minois move in the same direction, the two illuminated strips cm 
the grating gradually separate until they are quite distinct. Meanwhile the 
fringes pass with rotation from the original sagittate forms to very fine hair- 
like striations; whereas the part of the spectrum within which the former 
occur is less than the distance apart of the sodium lines (doublets) , the hair- 
lines are viable mthin a strip of spectrum many times as broad as the sodium 
douUet. Tea sudi lines may be visible. In good adjustments the sagittate 
forms are seen to be a nest of very eccentric, identical hyperbolas, as in figure 
io,A, arranged or strung on the same major axis. The vertices a are therefcoe 
thick and pronounced, but taper rapidly down into hair-lines, b, b', on both 
sides. Frequently but half of the coarse vertices, a, abundantiy fringed on 
one ade, b or b', appear. Nevertheless this does not seem to be an exhaustive 
description of the phenomena; for it is not unccnmnon, when partial hyper- 
bolas appear, to find the striaticms (which are always faint) in the same 
direction on both sides, as in figure 10, B; i.e,, the striations aie apt to be 
non-symmetrical on the two sides, as if they constituted a second diffraction 
phencsnenon superimposed cm the first phenomenon. Roof-shaped fonns 
(fig. 10, Q, strongly dotted, are also common, often irregulariy awned. 

Figure 1 1 may be consulted to further elucidate the subjects under con- 
aderation. ff is the grating, PP' the principal plane of the objective of the 
tdescope, a and b are two rays interfering at the focus /, and leaving the 
grating parallel and symmetrically placed to the axial ray of. The passage 
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of the coaise Bagittate pbenomesia into the hair-like striations, as a and b 
move farther apart, may then be accounted for in accordance with the general 
theory of difiraction; ij.,if thedifitaDcesparto{aand&isiJand theprindpal 
focal distance ofiaR, 

\ B_ 

where s is the distance between the two frii^es of wave-length X. Hence s 
will increase as d decreases, f^redng with the ^ect oi fore-and-aft motion, 
or with the ^ect of amultaneous, large (3.5 cm.) displacement of both 
nurroTG, neither of which destroys the symmetry of the interfering rays. 





The motion of a an^e aarror, MorN.tor instance, does destroy the sym- 
metry, and it was shown in $ is that the limiting nu^e of displacement of 
0.25 cm. moves either a or & 0.096 cm. out of symmetry. The interferences 
thus vanish without much changing in form or axe, and vanish in all focal 
planes. 

The breadth of the blades ot light aa' and bb', 6gme 1 1, capable of inter- 
fering is a: on the grating and 

«cos i) = o.o96Xo.So8-' 0.078 cm. 
normally. Since the rays are parallel after leaving the collimator, this would 
be about half the breadth of the effective beam on the objective of this appur- 
tenance. Thus a X0.0776 = 0.1 ss cm., increased by the width of the refracting 
edge of the prism, is the width of the strip of white light which, after separa- 
tion by the knif e-e^e of the prism, furnished the two component beams which 
potentially interfere an recomlnnation. It is reasonable to suppose that the 
elements of these beams come from a common source and that the width in 
question is produced by the diffraction of the slit. 

This datum is more appropriatdy reduced to the angle at the slit a, within 
which He the rays capable of interfering with each other after the interferom- 
eter cleavage. As the collimator used was /— aa cm. from sHt to lens, 

0[ = aa;co6 9/1=0.155/33—0.0070 
Hence the angular width cf the wedge of white light, with its apex at the slit 
of the cdlimator and ccmtaining all the rays which can mutually interfere, 
is about 0.007 radian, or less than half a degree (rf arc. One would infer that 
a long (I) collimator (*.«., one with weak objective) is advantageous, as the 
blade of parallel rays issuing is proportionally wide and the range of displace- 
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meat at Af or iV larger. Similarly, divergence subsequently imparted by 
dispeision (prism, grating), b^ore the rays reach the minors, M, N, should 
have the same ^ect. The results obtained for dispersion bear this out, but 
not those for a long collimator. Moreover, the width of the sht, so long as 
the Praunhofer lines do not vanish, is <^ no consequence. It thus seems 
tenable (to be carefully investigated below) that the positive eSect of dis- 
persion has a deeper significance, bearing directly on the structure d the 
interferii^ wave-trains — i.e., the length of the co6rdinated, uniform wave- 
train is possibly greater as the disperaon to which the wave-train has been 
subjected is greater. Two parts of it will therefore fit over a carespondingly 
longer range of path-difference. 

A number of other results pcrint in the same direction. Thus, I may again 
point to the imposability of obtaining fringes with homogeneous light and a 
wide slit, whereas two identical sodium lines (Di and D'l), superposed, show 
the interferences strongly. The lines actually become hdical in shape and 
much broader. The range of displacement of N may be decreased from 0.25 
cm. to o.io cm. by narrowing the beam emerging from the collimator with a 
slotted screen, while the fringes themselves are coarsened by this process. 
TOth the screen removed the fringes are not only sharper and finer, but 
apparentiy they may be seen to slowly move laterally across the fiducial 
soditun lines. This is in accord with the increased range of displacement of 
the mirror. The observation, however, is complicated by the fact that the 
sodium doublets are not quite in the same focal plane. The fringes must, 
in a reduced case, he nsidway between them, in the line of symmetry of the 
spectra. 

13. Prismatic refraction. — The method indicated in figure la (P, prism; 
M,^, miiTOis;C, grating; T, telescope) was next tested for small distances and 
the experiments begun in the third order of spectra of the grating G. The 
prism was a small right-angled sample, with faces only about i cm. square; 
but it sufficed very well. Its distance from the grating being about 13 cm. 
and the illuminated spots on the mirrors 18.8 cm. apart, the mirrors were 
nearly nonnal to each other. In fact, as 9 in the third order is about 63° 
and »' about aS", i — 34° and 0=90°. Hence, on displacing the micrometer 
miiTois MorN, the illuminated strips move relatively ra^ridly across the face 
of the grating. Nevertheless, the fringes are easily found and contrdled. 
Their rai^e of viability is larger than in the cases of the preceding paragraph. 
They remain in view for nonnal displacement of Af of 3 to 4 mm., pas^g 
{mm hair-like striations, through sharp arrows, back to the hair-4ike forms. 
The range has thus been increased by the disperdon. The arrows are of 
the type shown in figure 13, with reentrant ^des and part of the outline 
accentuated. 

In the second order of spectra from G, the phenomena were much the same, 
but far more brilliant. The arrows were now evenly wedge-shaped and very 
slender. The fringes entered as nearly vertical hmr-like stiiations, and, after 
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pasang the optimum, vanished as inflated arrows. The range of visttnlity 
was, as before, about 3.5 mm., so that the chaise of order has not had any 
further marked effect, such as m^:ht be anticipated. As in the preceding 
paragnqih, if the impinging coUim&ted beam is narrowed, the range ti vtsi- 
biUty decreases; in fact, the arrows themsehres are reduced to sUghtly oblique 
lines. Within the limits given the &inges are well adapted for interfeixxnetry. 

First-order spectra are not available because of the large value f£ i' in the 
case of the right-angled prism. 

Taking the results of the last two pan^r^hs together, the increase of the 
range of displacement is due to the disperaon of the prism. The breadth <A 
the pencil, diffracted at the slit, after leaving the ccdlimator and prism. 




increases. It was shown in the earlier report that inversbn of spectra on a 
longitudinal axis does not preclude the pcs^bihty of interference. Taken as 
a whole, therefore, the present results have a direct bearing on Huyghens's 
principle. 

14. Prism methods wiOiout gratlnc. — A more interesting method, in some 
respects, in which the grating is entirely dispensed with, is shown in figure 
14. L is the beam of white light from a collimator, P a refracting prism (here 
with a 60° prism ai^le), M and N the opaque mirrors, with either or both 
on a micrometer, P' a silvered reflecting piism (here right-angled). The 
telescope is at T and should have high magnification. The rays L are refracted 
into abc and a' h' c' and the two spectra observed by the telescope at T. 
Each of the prisms should be on 3 adjustment screws, as well as the mirrors. 
P must be revolvable slightly around a vertical axis and capable dt fore-and- 
aft motion. P' is preferably a large prism placed on a tablet. The rays 6 and 
b' are made coUinear before P' is inserted, and both the rays c and c' must 
come from near its edge. 
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The fringes are stroi^ and large and lie within a remarkatdy wide trans- 
verse strip. This may be lo or 30 times as wide as the Di Dt doublets, which, 
in view <A the small dispersion, are hardly separated. For the same reas(», 
moreover, the rai^e <A displacement of M within which fringes are viable 
rardy reaches 0.5 mm. 'Within this the fringes grow from the fine hair-lines, 
usually oblique, to thdr irsTrtt"""! coarseness. Apart from the small range 
cf displacement, these fringes are available for measurement. If both mirrors 
M and N are on micrometers, they may be brought iorwatA or the reverse, 
alternately, and the range increased s or 10 times. 

To change the form <A the fringes, the first prism, P, may be tilted slightly 
onanaxisparalleltoLT', figure 14. The fringes then pass through a nummum 
in the vertical direction OiQ^sr phenomenon). F(n'e-and-aft motion of P 
rotates the fringes, partially, toward the horizontal; but, as a rule, the com- 




ponent beams h and h' pass beyond the edge of P' and the fringes vanish. 
Just before this (the spectra separating), the strip within which the fringes 
lie widens enormously. In other wtnxls, the breadth d the phen(»nei)on 
depends on diffraction, not on dispersion, so that even though the prism P 
scarcely separates the V lines, the striated strip has about the same width as 
when it is produced by highly resolving gratings. 

It is preferable to use sunlight directly (without a long^ocus condensing 
lens), as there is a superabundance c£ light. The best results are attained 
with a large collimator. A spectacle lens with a focal distance of i meter is 
acellent The range of displacement vAMis not increased, but the spectra 
and fringes become very sharp. If, with the large collimator, the spectra 
are just separated in the field of the telescope, by fore-and-aft motion ol P, 
a magnificent display appears, resembling a thick, twisted golden cord. With 
further separation confocal elliptic fringes often cross the gap, as in figure 15. 
Here a and are graphs suggesting the wave-lengths of the two spectra, g 
being the gap or deficient overlapping. The ^ipearance in the telesct^ is 
shown at 7, 5 and S' being the spectra. When the fringes are erect, huge 
vertical furrows may lie in the gap. When the gap is dosed, the linear phe- 
nomenon reappears. These enlarged fringes vanish, however, within 0.35 
mm. of displacement at M. On the other hand, when the spectra are made 
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to overlap consiclerably (by fore-and-aft motion of P) the fringes become 
fine and vertical and the parallel blades of light, which interfere at the focus 
of the telescope, are 0.5 to i cm. apart at the ob5ective. 

In further eaiperiments, screens s, s' (fig. 14) were placed in the paths c£ 
the pencils b b', so that they were compiled to pass through vertical slits 
0.5 mm. mde in the screens. In this way the interfering rays were identified. 
The first vertical hair-line fringes came from rays about 5 mm. behind the 
edge of the prism P'. Hence the pencils were here about 1.3 cm. apart when 
they entered the telescope. The largest and last ol the fringes came from 
doee to the edge of P". The experiment was varied as follows: Supposing 
both screens s and 5' placed as far to the rear as the visibility of fringes per- 
mits; let the former, 5, be slowly pushed forward. The fringes then contract 
from the very broad set, figure 16, case i, to the strong and narrow set 2 
(which is a mere line tot a full wave-front), and then espand again to case 3. 
If, now, s is left in place and s' moved forward slowly in the same way, the 
identical contraction and expansion, cases i, a, 3, are reproduced. Thescreen 
s' may then be left in place and 5 in turn slowly moved forward with the same 
results, etc. (there may be 6 alternations), until finally the effective parts ol 
the pencils b and b' are beyond the edge of the prism P*. In case 2 the two 
shts 5 and s' are obviously symmetrii^ to the interfering rays, whereas in 
cases I and 3 the diagonally opposite edges c£ the slits s and s' limit the effi- 
cient pencils to a sheet. If the edge of the prism were truly a knife-edge, the 
last fringes would be very large, since the distance cc', figure 14, would vanish. 
If the fringes are vertical (obtained by tilting P around an axis parallel to 
LT), the case 2 is given by 2 ot 3 strong vertical lines, whereas j and 3 
conast of 10 ot ao lines, all of about the same width and distance apart. If 
the shts s, s' are finer (i mm.), the fringes are throughout sharper. A angle 
displacement, i, 3, 3, corresponds to about 2 mm. When the edge of P' is 
f^iproached the case 3 often shows vertical strands of fringes, a strong central 
strand, and two or three fainter ones either side of it. The cases 1 and 3 are 
not stranded. 

A similar result (passage of case 2 into 3, fig. 16) may be produced by 
moving P forward, the case 3 appearing just before the pendls 6 b' leave the 
edge of P'. Again, when M is moved rearward, when botii b and b' are near 
the edge of P', the cases 2 and 3 are obtained. In general, the width of the dif- 
fraction pattern increases without changing the size of fringes, as the width 
ot the available wave-front decreases. A similar result will be described in 
connection with figure 48, Chapter II. Naturally, if the displacement is 
conaderable, it is accompanied by some rotation of fringes. 

15. Di^lacement parallel to rays. — It now becomes of importance to test 
the range of displacement as modified by the angle of reflection, increasing 
from Jt — o. It is therefore desirable to make a few direct measurements. The 
angle at P, figure 14, was found to be about 49° 45', so that the total angle 
atAf is 6^40° 15'. Jlf and N are both on micrometers, with the screws normal 
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to their faces. P' is on a micrometer with its screw parallel to 66', so that 
this prism is shifted right and left. The range of displacement was found at 
M, about 0.04 cm. ; x — 3 X0.04X0.939 = 0.076 cm. 
i", about y=o,o7 cm.; 231^0.140 cm. 
where x<°3«co6(9o — O)/^ and ty are the corresponding path-differences 
between the inception and evanescence of fringes. Wi\h a very fine slit, 
3y was possibly smaller (see fig. 17). 

The question at issue is thus, in the first place, how the value of 2y compares 
with x; for in the former case the angle 8 is effectively zero. In other words, 
when M is displaced &om M to M', over a distance e, the pencil 6, figure 17, 
changes to 61, and is soon lost at the edge of P", whereas, when P is displaced 
in the direction W, over a distance y, the rays b and b' do not change tiieir 
point of impact at the prismatic mirror P'. If PP represents the principal 
plane of the objective of the telescope and F its principal focus, there should 
be no accessory effect for the case y as compared with the case x. 

Results bearing on this subject are given in taUe 9, in which the displace- 
ment e, observed at M and at N, as well as the displacement y at P', are 
recorded when a plate c^ glass (A thickness E is inserted normally to the 
rays b, b'. The OHTesponding air-path difference ccnaputed from E, n, B, 
and X should be «, nearly. This is about the value (ay) observed, remembering 
that to set the micrometer, binges of a particular pattern must be selected. 
The rotation oi fringes bong but 90° or less, there are no fiducial horizontal 
lines. 



Table 9. — ^Reversed spectra. Refracting prism 
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Furthermore, thoi^li p was determined by the total reflectometer for eadt 
ot the two plates used, B, the Cauchy dispersion coeffident, had to be assumed 
from amilar results in my earlier worit. Finally, the first plate (E—0.736 
cm.) was sightly wedge-shaped and some adjustment for ccnncidenoe of 
spectra was needed. The second plate (^=0,434 cm.) was optically nearly 
plane parallel. One may therefore conclude &om these details that ay ^ gas 
neaHy as could be expected. 

The values of x, computed from and e, however, certainly fall below z, 
being about 6 per cent and 3 per cent short of it in the two cases, respectively; 
or, again, x is 0.019 t^^- 3^<3 0.014 (about 5 per cent) smaller than the mean 
values observed for ay. This extra s per cent of path-difference can not be 
an error of observation or of adjustment, but must be interpreted as the path- 
difierence added when the pencil shifts towards the ed^ of the prism (x) 
instead of bdng stationary as in ^. In case of inverted spectra, moreover 
(next dieter), x is usually in excess of e, and the shift is the other way. The 
deficiency in x, though not equally marked, is present in observations both 
on the right and left sides of the prism P'. 

16. Breadth of efficient wave^ronts. Apparent uniformity of wave-trains. 
Rotation of hinges. — It follows from figure 17 that if Jlf is displaced to M', 
over a distance e, the pencil b is displaced parallel to itself over 

5 = 2« an S/a 
where 1—90°— 8. The pencil c is then displaced parallel to itself over a 



t^stan ip'la=s 
once l'"49° 45', S/3«ao°7', and therefore s — 2*Xo.344«"0.7e, nearly. 
If t^e rotation of fimges is but 90°, either s (or sji) is also the breadth of 
the strips, or patches of like origin, whidi, when slidbg over each other more 





or less, produce the fringes. This may be treated from a graphic point of 
view as follows, a theory not bemg aimed at: 

In figure 18, let a and b be two patches of light of like color and origin at 
the objective pp, figure 17, producing interferences at the focus F. Hence 
the fringes will be arranged in the direction/, figure 18, at right angles to the 
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Hue joining a and b. Since a and b here correspond to c and c' in figure 1 7, let 
a be continually displaced to the right, as indicated by the arrows, figure 18. 
la proportion as the positions ab, a'b', a'b', are taken, the fringes must pass 
t^ rotation from /, into /*, into /*, etc. — i.«., over about 90". In the present 
experiment, c, figure 17, can never pass across c', for they are essentially 
separated by the edge of the right-angled prism P". Hence the rotation can 
not exceed 90°, for the vertical through a can not cross the vertical throt^h 6. 
This is not the case when a grating replaces P', as in ^:ure 13 ; nor is it 
the case when, as in Chapter II, inverted s^iectra are treated, and the patches 
a and b slide along the edge of the prism. In sudi cases figure 18 may be 
continued symmetrically toward the right (mirror im^es), and the limit of 
rotation is therefore 180°. All these su^estions are borne out by experiment. 

Moreover, if the first prism P, figure 14, is tilted slightly on an axis parallel 
to LT, a (fig. 18) will be lowered and b raised. If a and b are on the same 
level, the fringes are always vertical and pass through a vertical maximum, 
when abi&a. minimum. On the other hand, if a and b are not in the same 
level, as in the figure, fore-and-aft motion brings the rays c and c" (fig. 17) 
to or from the edge of the prism P". Hence the case ab passes into a"b", or 
the reverse; in other words, the &inges pass through a horitontal Tnn-riniiim 
when oi is a minimum, etc. This is also shown by experiment. 

Moreover, if a, figure 18, is the angle (in the observer's vertical plane) of 
ab to the horiz(mtal, the horiz(nital distance between c and c' will be ab cos a, 
whidi is zero when 0^90°, and both c and c' are at the edge. Suppose the 
full breadth tA the strips are at the edge, so that the fringes present the 
strongest, coarsest, but narrowest field of case 9, figure 16. Then if either 
c or c" retreats until the fringes vanish, the width of the appreciably effi- 
cient strip c^ will be ab cos a*f=f 0.7^, neariy. This is probably the 
best method cd estimating the width in question. Usually, however, away 
from the edge, the succession t, 3, 3, ^:ure 16, is obtained. In such a case 
the breadth of efficient strip is t/a =0.3$^. 

The expe ri ment made by moving screens with slits, forward or rearward, 
successively, by which the f^ipearance and evanescence <^ fringes may be 
repeated through several cycles, is next to be explained. Here it is merely 
necessary to remember that the spectra c and c' are reveised, or that the 
colors of like origin and wave-length are successively farther apart. When 
the screens are alternately moved, therefore, the same phenomenon is in turn 
produced in slightly different cok>r8. But as ab continually increases, whereas 
the efficient breadth of the strips does not, the Eringes soon pass beyond 
appreciable smallness. 

When, as in the earlier methods, but a single grating is used with two 
successive diffractions through it, the patches a and b are obviously in the 
same level when the longitudinal axes of spectra ctnncide. Hence the binges 
are essentially vertical. 

In the experiment with screens, s, s', figure 14, it is obvious that path- 
difference remains constant. The distance from the same wave-front in the 
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pencils b and b', figure 17, to the principal plane pp, is always the same; but 
pencils different in lateral positioa are successively selected. On the other 
hand, when the prism P' is moved in the directicKi y, parallel to bb', path- 
difference only is introduced, while the pencils selected remain the same. 
Suppoang the ordinary conditicns of visibility (magnification, etc.) to remain 
unaltered throughout, the wave-fronts are, as it were, explored in depth as 
to their uniformity — i.9., the distance is apparently recorded throughout 
whidi a wave-train consists of identical wave-elements. Effectively, however, 
the rapidity with which fringes decrease in size beyond visibiUty is directly 
in question. Finally, when the opaque mirror Af (or ^ is moved &om M 
to M', both effects occur together. Path-difference x = 3e cos i/a is introduced 
and the pencil is displaced frcon b to b'. 

The x-effect is thus probably the same as if P* were displaced to the left 
and s were brou^t forward. Hence it is of great interest to determine the 
extent in which the values of y and x are different. It appears as if the dis- 
tance within which the wave-trains are uniform is definitely limited and that 
it increases with the breadth of effective wave-front just instanced, while 
both increase with the amount of dispersion to whidi the incident white 
pencil has been subjected. Diffraction at the slit of the collimator may be 
r^:arded as the first dispersion. This seems to me to be a very important 
observation, and a systematic investigation of the lengtiis of tmiform wave- 
trains, so understood, in their dependence on dispersion, is desirable, even if 
the geometry of the system should prove to be adequate to ei^lain the 
phenomena. 

17. Film ftatiBg. — The method of two gratings was now again resorted to, 
except that the first at G, figure 3, was a film grating. This attempt failed 
in my earUer work, when but a single film grating was used for the two dif- 
fractions, because of insufficient Ught.* In the present case, where two 
gratings (C being reflecting) are employed, the method succeeded at once. 
The first grating constant was D — io-*X 167 cm. ; observations were therefore 
necessarily made in the second order of C, so that the spectra are not as 
intense as with prisms. But the fringes are perfect and may be made as large 
as desirable — with but two in the breadth of the spectrum, for instance. They 
come in and go out of range with inflation of form, and they are free from the 
awns seen in the preceding paragraph (with prism), probably because the 
light is less intense. 

The phenomena in general are the same in character; but the range of 
displacement of either mirror is enhanced, conformably with the increased 
dispersion at G. This range was found to be about 6 mm. under the best 
conditions (arrows). If both M and N are succesavely displaced ui the 
same direction, the total displacement available between the hair-like fringes 
at the extremes is about 1,5 cm. for each mirror. 

• I have dace obtained the (ringes with a siiigle film grating;. 
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At these octremes the two patches of light on the grating G' may have 
been separated by several millimeters. Ttie nature of the transformation 
from arrows to the oblique strtatians would be well reproduced if equidistant 
vertical wedges were moved from right to left, or the reverse, bdiind a 
vertical slit. 

The distance between G and C was about 10.3 cm., and between the spots 
of light on mirror M and gratings G and G', respectively, 33.3 and 13.6 an. 
This corresponds to Hi— 30.5" and ^-■36.3'', so that 3 — 15.7° and v=$6.-]°. 

It is obvious that if the slit of the collimator is displaced right or left, tiie 
range of displacement, within which the interferences lie, will have different 
poatdans on the micrometer, because the path-difierences are changed. A 
flickering arc may also introduce annoyances. 

The present method has an advantage for ordinary practical purposes, as 
it does not require a ruled-^lass grating at G. 




The surprising success obtained with the film grating at short distances 
induced me to test similar methods at long distances. Figure 19 is an appa- 
ratus of this kind, in which L is the white beam incident from a collimator, 
G and C are the transmitting gratings, M, N, m, n, pairs of opaque mirrors, 
T the telescope. The undeviated ray, d, ts screened off. The component 
paths a+b-\-c, a'+b'+<f were each about 4 meters long. The method of 
adjustment again consisted in bringing the shadow of the thin wire across 
the slit into the same position of the spectra seen in the telescope when the 
spectra onncide. For this purpose the adjustment screws for horizontal and 
vertical ajes on M, N, m, n must be actuated tt^ether. To facilitate this 
tiresome wwk, with the observer at T, long levers brought from m and n, 
with their ends near his hands, as well as a lever from G' (fore-and-aft motion), 
were very useful. Since the adjustment screws at M and N are already 
within read], it is thus easy to bring any Fraunhofer line to the middle of the 
field and to make these fields overiap, with the guide-wire central in both. 

The attempt made with sunlight, to find the fringes ^en both G and G' 
are film gratings (ZJ = 167 X lo"* cm.), did not succeed. The hght, moreover. 
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is not as bright as de^rable, owing to the strong dispersion. When the grating 
C was replaced by a niled-glass grating (P— asaXio^* cm.)i the dispersion 
was not mudi reduced, but the light was better. The fringes were now found 
after some seardiing and seemed to be of DiPt breadth, a strip of obUque 
lines of the usual diaracter. But they were not brilliant and were hard to 
recover when lost. The Piaunhofer lines were still dis^reeably blurred. 

On exchanging the gratings (luled-glass grating at G and film sXG'), though 
the dispersion was smaller, the brilliancy of spectra was greatly improved. 
The fringes came out fairly sharp. However, on cutting down the incident 
beam at the collimator and near & to a breadth of not more than 0.5 cm., the 
fringes were acceptable and capable of high magnification. They remained 
visible for a displacement of 5 mm. at the micrometer at M. With fore-and- 
aft motion of G', the fringes rotated as usual from fine vertical hair-lines, 
through the horizontal (probably arrow-shaped forms of maximum size), 
hack ^ain to hair-lines. Here the excursion of G' was about i.s cm. On 
tilting the grating C in its own plane and readjusting M, the rotation is 
through the vertical maximum (the linear phenomenon). With a slotted 
screen (0.5 cm.) at the collimator, the slit may be widened until the Fraun- 
hofer lines just vanish. If the slit is but o.a cm., the fringes becwne bulky 
and the play at M is but a mm. 

The film grating may be used by reflection, on adapting the apparatus in 
figure 1 1 for this purpose, by supplying a ruled grating or prism at P and the 
film gratii^ (with its ruled ^e toward P) at C If a ruled grating is put at P, 
the spectra and fringes are good ; but naturally there is deficient illumination. 
Nevertheless a strong telescope may be used and a range of displacement of 
4 mm. at M is available. This may be increased indefinitely by using a 
micrometer at M and N alternately. The chief difiiculty was the (incidentally) 
unequal brightness of spectra. 

Again, the method of figure 14, apart from the drawbacks to which that 
method is incident, succeeds almost perfectly, both in the first- and second- 
order spectra. The fringes are strong and clear. An Ives grating of high 
dispersion (P« 167X10-* cm.) was tested. 

The method of figure ao, with auxiliary mirrors m and n to accommodate 
the di^)ersion of C, was also successfully tried. Here G was originally a 
concave rejecting grating. It was replaced by a film grating used as a reflect- 
ing grating, with entire success. The ruled side of the film should be free 
(without cover^lass), but the reversed side cemented on plate-glass as usual 
and t^e latter placed towards the telescope at T. The prism P, in other 
words, admits an abundance of light, so that even the loss in reflection from 
the fiJm is not serious. Sunlight should be used without a condensing lens; 
or, if the latter is added, the Ugbt leaving the telescope is to be narrowed 
laterally. 

18. Non-reversed spectra. — The prismatic method of cleaving the inddent 
beam of white light is available for the superposition of non-reversed spectra. 
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tmder conditioas where the paths of the component raye may have any 
length whatever. It is thus an essential extension to the method (^. 3i) 
given in the preceding report (PP", prisms; M, N, mirroTB; Gp, Ives prism 
grating; T", telescope), where the path-differences were essentially small and 
the spectra reversed. 

In figure 33, P is the first prism cleaving the white beam L, di£Eracted by 
the sUt of the collimator. M and N are the opaque mirrors, the former on a 
micrometer. For greater ease in adjustment, the second prism P* is here 
riE^t-angled,thou^ this is otherwise inconvenient, since the angle 8—90° — ^ 
is too large. The rays reflected from P" impinge normally on the reflecting 
grating G (Z> — aooXio"*) and are observed by a telescope at T. P.P", M, 
and N are all provided with the usual three adjustment screws. P" must be 
capable of being raised and lowered and moved fore and aft. The fiield is 




brilliantly illuminated. When the path-difference is sufficiently small, the 
fringes appear and cover the whole length of superposed spectra strongly. 
They are displaced with rotation if AJ' is moved nonnally to itself. 

As first obtained, the fringes were too closely padced for accurate measure- 
ment. But the following example of the displacement e of the mirror M, 
tor successions of 40 fringes replacing each other at the sodium lines, shows 
the order of value of results: 10*^-1.55, 1.40, 1.60, 1.55 cm., so that per fringe 

J«-39Xio-*cm. 
The computed value would be {ip, the prism angle) 
^_ X ^ 58.93 ^ 
acosS/a aX.8i 
g S - 90°— ip. The difference is due both to the small binges, which 



[0-*-36.4Xio-*cm. 



are difficult to count, and to the rough value of S. The rai^e of measurement 
is small (if M only moves), not exceeding 1.6 mm. for a moderately strong 
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telescope. But one-half of this displacement is available, as the fringes 
increase in size (usually with rotation) from fine vertical hair-^es to a nearly 
horizontal marinwun, and Gxca abruptly vanish. This is one-half of the 
complete cyde. 

If we regard the component beams, abc and a'b'c', as being o£ the width 
of the pencil di&acted by the sUt of the collimator, it is dear that the maxi- 
mum size of fringes will occur when c and c' are as near together as possible; 
furthermore, that as M moves toward P', c continually approaches c', until 
b drops off (as it were) from the ri^t-angled e<^ of the prism P'. To get 
the best conditions — i.e., the largest fringes — c must therefore also be moved 
up to the edge of P and very sharp-angled prisms be used at both P and P'. 
The largest fringes (lines about lo times the DiDt distance) obtained with 
the right-angled prism were often not very strong, though otherwise satis- 
factory. Much of the hght of both spectra does not therefore interfere, being 
different in origin. 

Results very similar to the present were described long ago* and found 
with two identical half-gratings, coplanar and parallel as to rulings, etc., 
when one grating was displaced normally to its plane relative to the other. 
The et^es of the two gratings must be close tc^ether, but even then the 
fringes remain small and the available paths also. Strong, large fringes, but 
with small paths, were obtwied by the later method t of two identical trans- 
mittii^ gratings, superposed. 

If the prism P' is right-angled (a special case of fig. ai), it may be rotated 
as in figure 23, so that the rays c and c' pass off towards the observer. They 
are then regarded through a prism-grating G and a telescope at T. This 
method admits of mudi eaaer adjustment. With the component beams 
a b, a'b', coplanar, horizontal, and of about equal length in the absence of 
the prism P", the latter is now inserted with its edge vertical (rotation) and 
tiie white sht images in T (without G) superposed, horizontally and vertically. 
G is then added and the micrometer at M or N manipulated till the fringes 
appear. As above, they are largest when c and c* are as liearly as possible 
coincident and vanish as horizontal fringes at the maximtun; for the effective 
parts of c and c' are component halves of the same diffracted beam from the 
slit. It is interestii^ to observe, seeing that interference also occurs when 
one of the superposed spectra is inverted on a Une parallel to its length, that 
such diffraction is demonstrable in case of homogeneous light, even when a 
slit is absent. Both beams must be nearly at the edge of P' in order that 
strong, large fringes may be seen. 

The case of figure 39 was subsequentiy ^ain tried on the large interferom- 
eter, the distance P to Af— AT bemg about 3 meters. (7, in these eiperiments, 
was a concave grating and T a strong lens near the principal focus of G, The 
adjustment for long distances is not easy. The equilateral triangle of rays, 
a, a', b', b, should be first carefully levded, the edges of P and P* bong on 
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the median line. With G placed at the proper distance, the two spectra seen 
at T will usually be quite distinct in the field. Tliey should show the shadow 
of tiie black line across the slit, at the same level in the spectra. The lot^- 
tudinal axis of the spectra may then be made coUinear by slightly tilting the 
edge of i" to the vertical, on a horizontal axis, with the adjusting screws. 
M and N are then rotated on a vertical axis till the D lines coincide. Small 
changes may be completed at M and N. TTie fringes when found are usually 
strong, but very fine, less than the DiDt distance in width. I have been able 
to increase them to a width ci aDJJt, but they are then faint. The two 
illuminated strips on the grating may even be an inch apart, but the fringes 
are as usual huge when this distance is the smallest attainable (virtual 



24 





coincidence). The grating may be moved fore and aft without effect. Ai 
N is moved on its micrometer, the interferences are first seen as vertical 
hair-like striations, which gradually enlarge, rotate, and vanish just before 
reachii^ the horizontal and at maximum size. The range of displacement did 
not exceed 0.15 cm. for this rotation of 90°, so that the total displacement 
ioi i&o" of rotation wouM be about 3 mm. Since N and T are close together, 
the manipulation is convenient here, but with another lens at T' the phenom- 
encm could be traced further on the M side. 

To secure a smaller angle of incidence and reflection, S/s, at M, figure 14, 
the combination of a silvered 20° prism P and a 30° prism P' was tested. M 
and N are the opaque mirrors, G the concave grating with its focus at T for 
inspection by a strong lens. L is the incident beam trf white sunlight from the 
collimator, which is split into the component pencils abed and a'i/c'd' and 
interfere at T. The results, however, were about the same as above, the 
range of displacement at M for 90° of rotation of fringes being about o. 15 cm. 
As a and b make angles ^ and ^' with the Une of symmetry LL', 



was about 10*. 

At a subsequent opportunity I made further trials with the pured prisms 
of ao" and 30", but failed to increase the fringes above about DtX>»/3 width. 
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Two micrcnneten, one at M and the other at N, were installed, and moved 
forward in alternate steps, within a range of over 2 cm., naturally without 
modifying the fringes. These are now observed on both sides (A/^ and J10> each 
with the micrometer which is manipulated. One may note in passing that the 
two screws are being incidentally compared. To set the 30° prism properly it 
would have to be provided with a fine fore-and-aft, ri^t-and-left slide adjust- 
ment, in order that its edge may be set sharply in the line where the two 
component rays intersect. An attempt was made to increase the disperaon 
by allowing a spectrum to fall on the first prism (30*0, but without success. 

It is noteworthy that the 30" prism at P' is no mailced improvement as 
to range of displacement over the 90" prism at P', previously used. In other 
words, the effect of decreasing the angle of reflection 1 at A/ is, unexpectedly, 
ofsmallimportance,inrelationtotherangeofdisplac8mentatAf. Thisresult 
already treated ia 5 16 will be accentuated in other ways bdow (Chapter II). 

19. Non-reversed spectnu Reibicted coincidence. — In figure 35, the white 
ray L from the collimator is diffracted by the grating G and the two spectra 
a and a', thereafter reflected by the ptuaUel opaque miiTors M and N, to 
be again diffracted by the grating C. The rays are observed by a telescope 
at T. If the gratings G, G' have the same constant, it is obvious that the field 
c^ the telescope will show a sharp white image of the slit, for each mirror. 
li M N GC are adjusted for symmetry by aid of the adjustment screws on 
each and the rulings are paralld, the two white slit images will ccnncide 
horizontally and vertically. If now a direct-vison spectroscopic prism or 
a direct-vision prism-grating C is placed in front of the tdescope, the super- 
posed white slit images will be drawn out into overlapping non-reversed 
spectra, which will usually show a broad strip of interference hinges. 

In my first experiments, G and G' were film gratings of high disper^on 
(U — 167X10-*). The field was therefore too daric and the fringes were 
obtairLed with difficulty because of the cumulative distortion of images from 
the gratings. When found, the fringes were very fine parallel lines, filling 
an irregular strip in tiie orange-yellow region, and it was already obvious 
that an enormous play of the micrometer-screw at M would be permissible. 

A number of film gratings were now tested and the best samples selected 
(Z)-i7SXio-*), although the dispersion was still too large and the D lines 
not clear. To secure more light, a beam of sunlight 15 cm. in diameter was 
condensed to a focus on the slit by a large lens of about 3 meters in focal 
distance. The illumination was now adequate and the fringes were found 
at once, as they should be; for they are always present, though not in the 
SEune colored region. These fringes, found with more accurate adjustment, 
were also larger than before. 

Figure as shows, if oft, a'l/ and cd, c'd' are pairs of corresponding rays of 
the same order but different wave-lengths, X and X' respectively; that for 
the given position of G and C only the rays a a' issue coinddently at T. 
"Tie rays cd, c'd' issue at eu t',, and, though brought to the identical focus 
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by the telescope, the distance ei^i may be too large to admit of appreciable 
interierence. Hecce the colored strip within whidi interferences occur will 
comprise those wave-lengths which Ue very near X, whereas the colors lying 
near X', etc., will be free from interference. 

If, however, the mirror M is displaced parallel to itself to M' by the nucmn- 
eter-screw, the rays c'd' and c'd' will now coincide at /u whereas the rays 
from ab and a'b' will no longer issue c(»ncidently and may not interfere. 
Thus the interferences are transferred as a group from rays lying near X to 
rays lying near X'. It is obvious, therefore, that with the displacement of M 
the strip carrying interferences will shift through the spectrum and that an 
enormous play of the micrometer-slide at M will be available without the loss 





ot interferences. In fact, a displacement e of over 3 cm. of M normal to itself 
produced no appreciable change in the size or fcnm of fringes, but they passed 
from the green region into the red. In consequence of the film gratings used, 
the strip in question was naturally sinuous and somewhat iir^ular, but the 
fringes themselves in the clearparts were straight, parallel.stronglines. They 
did not thin out to hair-lines at their ends, nor show curvature, as one would 
be inclined to anticipate. On the contrary, they terminated rather abruptly 
at the edges of a strip occupying about one-fourth of the visible length of 
the spectrum. 

It follows, therefore, from figure 95, that the displacement of Af does not 
change path-let^th or path-difference, for the rays are inclosed between 
parallel planes, as it were. Since the doutde ar^le of refiection is 6— i8o°— id, 
where 9 is the angle of diffraction of G and C, the displacements of M 
over a normal distance e will shorten the path of Af in accordance with the 
equation 
(i) nX^aecos ^/a-aean 
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where m is the number of fringes passing at wave-length X. This equation 
is not obvious, since for constant X, the distance between G and G', measured 
along a given ray (prolonged) for any positicm of Jlf or AT, is also constant. 
The equation may be corroborated by drawing the difibacted wave-front, 
which cuts oS a length se sin from d'. 
Since sin S-^X/D if i> is the grating space, the last equation becomes 

or per fringe 

a remarkable result, showing that the displacement of the mirror M per 
fringe is independent of wave-length and equal to half the grating space. An 
interferometer independent of X and available throughout relatively enormous 
ranges of disfJacement is thus at hand. It will presently appear that it is 
also independent of the angle of incidence at G. 

In case of the given grating and sodiTmi li^t, 9 — 19° 37'. Hence if 6e is 
the displacement per fringe, 

e-X/a sin «-io-*X88 cm. 
Actuating the micrometer at M directly by hand (this to my surprise was 
quite possible without disturbing the binges, except lor the flexure of sup- 
ports), the following rough data were succesavely obtained from displacements 
corresponding to 10 fringes: 

io*Xie—6$ 95 90 80 60 cm. 
Without special precaution the fine fringes can not be counted closer than 
this, so that the data are corroborative. ■ 

If the incidence is at an angle i, as to figure 96, the rays entering at G 
obvioiisly leave at the same angle i (symmetrically) at G'. In other words, 
rays enter and leave in pencils of parallel rays. The optic path of the com- 
ponent N ray, /-|-g, is 

k/cosff' 
where h is the normal distance between G and G' and 0* the angle of difirac- 
tion on the left. Similarly the optic path of the M' rays c+d which meet 
f+g in r is 

k/oos $' 
where 6' is the angle of diffraction on the right. If now M' is displaced to M, 
c+d is changed to a+dot the same length; but if the wave-front w is drawn, 
it appears that the optic path of the M ray has been shortened to ae sin ff*, 
where « is the normal displacement of M' to M. Hence the path-diSerence 

**°°'' fc/cos $'-aean$'-h/cos ff'-wX 

» beii^ the ordinal number of fringes of wave-length X. Furthermore, ance 
h, i, $", and 9* do not change, the displacement per fringe is as above 
fc=X/9 sin 9' 
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For the angles in question the usual equations are given: 

sin 6'—ani~\/D an *'+sin«-X/i? 

so that 

to-X/3(X/Z?+sint) 
which is thus not quite independent of X unless i is very small. It is obvious 
that the optic paths of a+d and c+k are identical. Hence the path-differences 
of the rays r, j are the same. If now the grating C is shifted to G'l, over the 
distance «', the same path-length is cut off from both r and s, and hence the 
fringes do not move. The locus or strip of fringes, however, is displaced in 
wave-length, bodily, as shown in figure as- 
The equation in «X, which may be written (8, a differential symbol) 

»iX=W(i/cos d)-2e {X/Z)-|-sin t) 

suggests the phenomena to be expected both when X is constant and i varies 
and when i is constant and X varies. The former require a wide, the latter 
a narrow slit. 

Some time after, with an improved micrometer, not directly manipulated 
by hand, I obtained the following data from a succession of 50 small fringes 
(arc lamp) : 

*Xio'= 3.7 3.9 4.0 4.1 4.3 cm 
««Xio» = 74 78 80 81 84 cm. 
Again, from successions of 30 large fringes; 

cXio-*= 3.6 3.6 3.4 cm. 
feXio-'«87 87 79 cm. 

All of these are below the value computed for sodium light, from imperfect 
adjustment. The mardi of values in the first series is probably incidental, 
for I was not able to eliminate the effects of flexure in my improvised 
aiq)aratus. Again, the precise symmetry of the apparatus is not guaranteed. 

Simple as the method appears in figure 35, it is in practice quite difficult 
to control. Fringes may be lost and thereafter hard to find again, and this 
in spite of the large range of displacement. The cause was eventually located 
in the circumstances under which the incident pendl L strikes the grating G. 
If L shifts to right or to left the symmetrical rhombus of figure 35 will be 
converted into a non-symmetric rectangle or into a figure as in figure 36. 
If G and G', M and N were rigorously parallel this should not produce any 
effect; but as they are not and as the surfaces are not optically flat (film 
gratings) the effect is very marked and probably of the same nature as a 
rotation of (r' on an axis normal to its face. It requires but slight displace- 
ment of L to right or left to make fringes in the yellow change to luur-lines 
in the green or the red; or they may even be lost altogether. These fine 
fringes may sometimes be enlarged, at other times made smaller, by adding 
or thickening (rotation) the ctnnpensator. Naturally in all these cases the 
overlapping spectra are perfect. Tlie only method of finding the fringes 



Digitized DyGOOgle 



42 THE INTBRFBROUETRY OF 

after the parts are syminetrically placed relatively to the light is to move L 
succesavely and gradually toward one side or the other and to test eac^ 
case with compensators i to 2 nun. thick, placed in the b or b' pencils. It 
would be advisable to place the slit on a right-and-left micrometer. When 
found, however, the fiinges, if reasonably treated, are very persistent, strong, 
and easily enlarged. 

Finally, the fore-and-aft motion of G' must produce a bodily shift o£ 
fringes, while the strip as a wh(^ is displaced in mean wave-length; for 
figure 35 shows at once that if C were displaced to Cj, the X rays bb' would 
lose their coinddence in T, while that property would now be possessed by 
the X' rays, dd'. If C is on a fore-and-aft micrometer, therefore, one might 
suppose a second method of interf erometry to be available in which symmetry 
is retained throughout and (since the angle at which the rays bb' meet is 
S = 3ff) subject to the equation 

«X = ae' cos i/a = ae' cos B 
where e' is the displacement corresponding to n fringes passing in wave- 
length X. 

This equation, however, is inapplicable, as already explained, because the 
pencils bl/ are not reflected, but diffracted into T. In the symmetrical appa- 
ratus, therefore, no perceptible motion of fringes is produced by the fore-and- 
aft motion of G', because in all cases the rays bb^ meet the grating with a 
constant phase-difference. If the phases are identical they remain so while 
G' is displaced. The strip of fringes as a whole, however, is slowly though 
imperceptibly displaced through the spectrum, withoift accentuated motion 
of the fringes within the strip. This inference was tested by placing C on 
a fore-and-aft micrometer. Large displacements of the screw (fractions of 
a centimeter) shifted the strip txom color to color as specified. A micrometric 
displacement of G', however, was unaccconpanied by any appreciable dis- 
placement of fringes. On the other hand, any flexure of the supports of C 
at once produced a marked displacement of fringes, while from mere microm- 
eter displacement no measurement could be obtained. 

Equation (i) is of interest in interferometry, in view of the very long 
ranges of displacement available. For such purposes gratings of lower dis- 
persion (preferably ruled gratings or else prisms) should be used, to obtain 
greater luminous intensity in the spectrum. Of course, the gratings G and G' 
may have different constants, but in such a case GNG'M will no longer be 
a rhombus. Since for constant X the ray-lengths in figure 35 are constant 
for all positions c^ G parallel to G', M parallel to N, large path-difference may 
conveniently be introduced by compensators. If a thin sheet of mica is moved 
in either the b oib' pendls, there is a lively skirmish of Mnges, but they do 
not change size appreciably. A glass plate 5 mm. or more thick placed in 
&o(A rays b and b' and rotated produces the same results, but the fringes move 
more slowly. A plate 3.8 mm. thick, with strong fiinges horizontal in the 
yellow, if placed in the b' pencil produces hair-lines inclined toward the left 
in the red ; if placed in the b pencil, hair-lines inclined to the left in the green. 
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etc. In contrast with this, the shift from red to green, if produced without 
compensator by the displacement of M, shows scarcely any char^ of fringes, 
either as to size or inclination. 

To change the size of fringes it is necessary to rotate the grating G' (rela- 
tively to G) on 8 horizontal axis normal to itself. They then both rotate 
and grow larger, attaining the maximum of size when the fringes are vertacal. 
Fringes quite large and blade, which are naturally much more sensitive to 
compensators, may be obtained in this way ; but the fringes are still easily con- 
trolled by hand. Limitations of the incident light in breadth, or simultaneous 
rotation of M and N, produced no marked ^ects. 

Fringes may also be enlarged on moving the collimator with slit micro- 
metrically right or left, as already stated, though this must be done with 
caution, as the effects are often surpriangly abrupt; for when the system 
is not quite symmetric displacements on G will be equivalent to accentuated 
displacement on C, owing to the reflections. The reflected rays soon cease 
to intersect and the displacement on M and N is invariably large. Further- 
more, by the insertion of compensators (glass plates i to a mm. thidc) in 
the ^ or (>' pencils, either directly or differentiaUy, larger or smaller fringes 
may be obtained. 

It is now of interest to return to the equation referrii^ to the displacement 
of G', normal to itself, and to consider the resolving power of the system ; for 
the latter bears a close analogy to the experiments made in a preceding 
paper (Carnegie Inst. Wash. Pub. 349, Chap. V, igi6) on the remaricable 
behavior of crossed rays. If G' is displaced to G'l over a distance «' *'dk (see 
fig. 35, where k is the distance apart of G and G"), the rays X' meetii^ in T 
will now be in the same condition as were originally the rays X. In other 
words, ei and «'i have beonne ctnnddent at C. If we assume that the same 
type of fringe results in these cases, and if X'— X-dX, 9—$'=d9 (for the 
passage of W into dd' is in the direction frxan red to violet), 
(3) d0=dh sin tf cos 9/k, nearly 

Since X^Psin tf anddX»— Z)cos $d$, this may be changed to 
(3) dK/\~dh(_i-\yD>)/h 

when D is the gmting constant. This is the expresaon used heretofore. 

In general it is to be noted that the present method, apart from any prac- 
tical outcome, is of great interest as to the data it will furnish of the width 
of the strip of spectrum carrying interference fringes under any given con- 
ditions. For here the spectra are not reversed or inverted and the latitude 
of interference of diffraction throughout X is mudi broader than in case of 
reversed spectra. But for this purpose films will not suffice and rigid refracting 
systems must be devised. 

20. The same, continued. Homofeneoiu lig^t. CNssimllar {ratints. — To 

show the dose relation of the present experiments with one reflection to the 
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earHer work with axssed rays and two reflections (U.), experiments may be 
made with homogeneous Hght. Accordingly, the sodium arc with a wide 
eUt was installed and the fringes found without difficulty. Strands of fringes 
with nodules were obtained as before. Theserotatedinmarkeddegree(i8o°) 
from vertical hair-lines, through coarse vertical strands with horizontal 
nodules, bad£ to vertical hair-Unes again, as either M or C was suitably 
displaced normally to its plane. To ^lift the fringes of any form into the 
middle of the wide-sht inu^e, a glass compensator in either b or b' may be 
resorted to, or both M and C may be displaced together. Again, whereas 
the micrometric displacement of M produces a marked displacement of fringes 
within the strip in accordance with equation (i), the micrometric displace- 
ment of C leaves the fringes stationary within the strip. While the strands 
and nodules were strong, the reticulation of fringes could not be clearly made 
out, in view of the use of film gratings in place of the ruled gratings used in 
the earlier report. 

In equation (4), P-iegXio-* cm., if dX/X-6Xio-*/6Xio-*=io-», *» 
60 cm., D=i69Xio-* cm.; whence dA = io-'X6o/(i — (6o/i69)*) = o.o7 an., 
nearly. Thus, if wiUi ruled gratii^ the fringes due to the Di and Dt lines 
could be separately recognized, it ^ould be possible to distinguish between 
them here also, as the same phases require a differential displacement of C 
of nearly a millimeter. The same result would be recognized at Af by a 
displacement of (tt tan 0, where 6=ai° nearly, bdng the mean angle of dif- 
fraction. The Af displacement is thus o.o7Xo.36"o.o2S cm. 

In case of homc^eoeous light the prism grating C is not needed and much 
more light is available if the telescope is used directly. The strands of inters 
ferences, bang on a yellow ground, are not very strong. Neverthdess a few 
measurements of ranges of displacement were made by moving both M 
(displacement e) and G' (displa«ment h), alternately. The foUomng values 
of e, h, and h tan 0' were fotmd, the film gratings having nearly the same 
constants: 

e-0.5 cm, A— 1,30 cm. h tan tf' = o.49cm. (Is=i9° 37' tf'* 20*40' 
e and k tan S* coincide as closely as may be expected , seeing that the fringes 
in neither case can be quite brought to vanish. 

Experiments were next made with a grating of less dispeisiye power (D — 
353 X 10-* cm.), ruled on glass and a stretdied film grating of the same strength. 
It was found, however, that the long rhombus GMG'N was very difficult to 
control, owing to tiie reflection at almost graang incidence. The spectra 
alsb were not quite clear. The method wap therefore eventually abandoned, 
as no fringes could be foimd. 

The trial was then made with a weak grating at G (P = 353X10"* cm.) 
and a strong grating at G' (I>~ 167X 10-* cm.). In adjustment the latter 
naturally overpowers the former and two reversed spectra are seen intbe 
tdesoope (without prism grating) immediately behind C Both spectra were 
quite strong and sharp. 'VBth white light no fringes could be found even after 
long trial and a variety of adjustments. 
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The sodium arc was now used with a veiy wide slit and the fringes were 
found without difiBcuIty. They consisted as usual of vertical hair-lines 
rotating through a usually horizontal niaxiniuni hack to vertical hair-lines 
again, as either M, N, G' were displaced nonnal to their faces on their respec- 
tive micrometers. These fringes are simply due to either one or the other 
sodium line separately and therefore seen on a yellow ground free frran inter- 
ference. Even after this, with the apparatus in adjustment for homogeneous 
l^ht, white light was tried again in altematioc, but no fringes appeared. 

TOth sodiinn light a few measurements of the ranges of displacement were 

made. If B and 9* are the angles of diffraction, «=i8o''— (fl-|-*') and x = 2« 

cos if 2, when x is the path-difference cut off at one end by the displacement e 

of the mirror M. The displacement of C being y, it appears that, apart 

firom sliding, e and y tan tf should be nearly equal. The results were 

e-0.42 0.4a 0.45 cm. (1= 9° 39' 

flr—0.81 0.81 0.8700. #*=■ ao°4o' 

y— 1.74 t.Socm. 

}'tan 0-0.66 0.68cm. 5 — i49°4i' 

It was not practicable to make the hair-lines quite disappear without a 
large excess of displacement in both cases. Even so the difference of « and 
y tan 6' is too large to be explained by such an error. But the work with 
the present apparatus (screws not long enough) is not sufficiently accurate 
to make further discussion fruitful. The error will probably be associated 
with the oblique incidence of rays in case of a wide slit. 

Very remarkable results were finally obtained with compensators of glass 
plate. Placed in one or both beams and rotated around a vertical axis, they 
rotate the frii^es. This would be referable to the sliding of the ends of the 
two pencils on the grating G'. If, however, they are placed nearly normally 
in one beam, they produce no effect either of rotation or on the ^ze of the 
fringes; but the pattern is displaced bodily across the wide yellow slit image. 
Glass plates 0.3 and 0.5 cm. were used. It is not tmtil the thickness of plate 
reaches a cm. that appreciable thinning of the interference fringes occurs 
when the plate is placed in one beam. With optic plate this would be an 
excellent method for testing the lengths of uniform wave-trains. Finally, 
with a fine slit and coincident sodium lines, the fringes could be seen in the 
presence of a continuous spectrum as maiked dots on the enhanced sodium 
lines. But nothing could be detected with non-coincident lines.* 

21. The same, continued. Duplicate friotes. — ^The occurrence of strands 
and apparently dupBcated frit^es has already been suggested in the preceding 
paragraph. In further experiments definite results were eventually obtained 
mik sutdight. These occur in very great variety, but two typical phases 
may be accentuated, given in figure 37. In the case a the two sets are more 

• Such fringes were sinoe found, inddentally, in the nhite flash of a w>diuin arc They 
wen very dear, but ootild not be controlled. 
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nearly parallel, but one is always very laif e in comparison with the other. 
In case b tlie difference in size is even more marked and the fringes are nearly 
orthogonal In intermediate cases fine large stiands occm-. These pass into 
eadi other continuously; the manner does not admit of description. They 
are seen best in the principal focal plane and both sets are about equally strong. 

To obtain these fringes the adjustment was first carefully made with the 
Bodimn arc. Thereupon the arc was replaced by concentrated sunlight and 
fine fringes were recognized in the superposed spectra OoDgitudioal and 
transverse axes coinciding). These fine fringes were then enlai:^:ed both by 
rotating the grating G' (fig. 35) on its normal axis and readjusting M in each 
case, and by adding trial compensators in the M or N pencils. A glass plate 
3 mm. thick gave the best results and they were very striking. The following 
are the chief characteristics: 

When the miiror M is slowly rotated on a horizontal axis, moving one 
spectrum vertically, slightly over the other, the fringes pass through all their 
phases. 

When M is slowly rotated on a vertical axis, which slides one spectrum 
horizontally over the other, the fringes are displaced, more or less, bodily 
in the spectrum. Thus in the case b, figure 37, the D doublets are many 




times their own spacing (DiPi) apart. If the two D doublets approadi each 
other, the frii^es approach the D line from larger wave-lengths and trice versa. 
The fringes were lost when the doublets crossed over each other. 

Rotation of the compensator in the first place moves the fringes as in inter- 
Eerometry, as does also the normal micrometric displacement of M. If this 
motion requires readjustment of M, the range of displacement is curtailed 
and the corresponding diange of phase appears. In the second place, the 
compensator, on rotation, traces the contours of the curves by successively 
accentuating the vaguer parts, as will presently be explained. 

The fore-and-aft motion of G' also moves the fringes bodily through the 
spectrum without marked change of phase. All binges, whether produced 
with or without compensators, are ultimately ciu'ved lines. 

The most remarkable results occurred on widening the slit. Supposing 
that large strands were visible in case of the fine slit, and that this was grad* 
ually widened tmtil the slit width was 0.5 mm. or more, the strands were found 
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to have coalesced in a way which de£es description. In their place appeared 
a wide strip of equidistant parallel crescents, as shown in figure 28. The 
Fraunhofer lines had long vanished and the appearance of the spectrum was 
whitish and intense. The fringes in question are thus in a measure achro- 
matic. The strips appear quite regular through the breadth of the spectrum 
and its width may be one-third of the length of the spectrum. The fringes 
move with the normal displacement of M (interferometry) and the range is 
large (0.5 cm. without adjustment), provided M does not require readjust- 
ment by rotation. Simultaneously the strip is displaced longitudinally in 
the spectrum in the usual way. 

On closing the slit the ellipses break up into sharp strands again without 
offering a systematic clue as to the manner in which this is done. The strands 
usually trend more or less vertically with two sharp, stnmg groups, flanked 
by one or more weak groups on eadi side. 

On removing the condenser these crescents became more slender but much 
sharper, so that in spite of the diminished light theycould be well seen. They 
were then found to be like the approximately confocal ellipses of displacement 
interferometry, though not subject to the same laws. They embraced over 
one-third of the visible overlappng (green-yellow throt^h red) spectra, ter- 
minating in very fine hair-Unes on one side but coarse lines on the other. 
On opening the slit to about o.i nun. the evolution was curious. With a 
very fine sUt a relatively narrow strip of strong slanting Unes was seen ia 
the yellow. As the slit widened these developed curvature, adding the more 
slender complements of the ellipses on the red side, until this part of the speo- 
trtmi was filled with confocal half-ellipses having a transverse major axis. 
The range of displacement of M is practically indefinite, depending simply 
on the degree to whidi the spectra overlap ; 3 to 4 an. were tried. A hori- 
zontally wide mirror at M is needed; for the ellipses travel through the spec- 
trum and the pencil along the mirror, from end to end. Both sides of the 
ellipses may be traversed by rotating the plate compensator, which succes- 
sively accentuates (in a transverse strip) a definite part of their contours. 
In this way the thidc apices or either of the hair-like lateral ends may be 
clearly brought out. Thus the two Unes a, in figure 38, limit the strong part 
of the ellipses. When a moves to right or left, the hair-lines appear more 
and more strongly until they terminate, showing that the inclusive strip is 
also limited. 

To further study this result, the grating* C was successively rotated in 
small amounts on a normal axis with adjustment at M. It was thus 
possible to find both the ends of the ellipses, as well as the central parts. 
As a result the form figure 39 was definitely broi^t out. The con> 
focal ellipses are extremely eccentric, with very turgid apices, so that the 
central part, if in the spectrum, conasts of transverse straight lines. Motion 
of M shifts the fringes to and from the center where they ordinate or evanesce. 
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The ellipses move as a whole with M, without changing fonn appreciably, 
throu^out the spectrum; but they move very slowly, quite differently in this 
respect from the round ellipses in displacement interferometry, whidi are 
extremely sensitive to displacement of M. In the present work it may take 
S or lo cm. at Af to pass the ellipses quite through the spectmm. They are 
strong and fine in spite of the film gratings used. 

In the endeavor to explain these phenomena one may notice that the main 
features have ah«sdy been accounted for. As to details, since the gratings 
are fihns which may act from both sides, explanations are hazardous. I do 
not believe, however, that the films (cemented with balsam on glass plate) 
bad any other discrepant eSect here than to make straight lines sinuous. The 
cbaiacter o£ the phenomena, as a whole, is trustworthy. 

In the case of the duplicated fringes (fig. 37, a, b, and the strands) seen 
with a fine slit, the danger is perhaps greatest. But it appears to me that the 
coarse lines in figure 37 are vestiges of the ellipses of figure 39, due to a wide 
slit. These are superimposed on special fringes resulting from the diffraction 
of the narrow slit. It is difficult to conjecture any other cause of duplication. 

The shift of ellipses through the spectrum follows as before from figure 35. 
Their occurrence in case of a wide slit might be associated with the equation 

ne=D/2 
or with their independence of wave-length. They would therefore result 
mer^y from the obliquity introduced by disperaon. But the presence of the 
glass-plate compensator militates t^ainst this. In the peculiar behavior of 
the compensators when added or rotated around a vertical axis, the dispera(Hi 
c^ the glass itself comes prominentiy into play, for the effect of introducing 
a conesponding air-path is negligible in its effect on form. Thus the removal 
of a 5 mm. compensatit^ plate may leave the fringes alsoo^ too small to be 
seen, whereas the displacement of M over 3 cm. produces but litUe change 
of form. 

Finally, the ellipses are developed in arc or contour from left to right, for 
instance, when the slit is widened ; and they vanish from ri^t to left as the 
slit is more and more nearly closed. The last lines for a clodng slit make a 
narrow grid of fringes quite straight and strong. 

22. The same. Prismatic adjustment — The 60° prism has certain ad- 
vantages in experiments like the present, particularly when non-reversed 
spectra axe to be obtained. Figure 30 is a device of this kind, in which P is 
the separating prism and P' the collecting prism, the beam of white light L 
&xnn a ooUiiiiator entering the flat face normally on the front ade and issuing 
normally on the rear side at c and c". M and N are opaque mirrors parallel 
to each other, G a direct-vision prism-crating. The telescope is at T. The 
reflecti(ni may be either internal, as in the strong lines of figure 30, or it may 
be external <m silvered faces of the prisms p and p', the appurtenances being 
shown in dotted lines. In this case the separated rays a, a', b, V are collected 
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at <f, c'", to be joined in the telescope at T. The internal reflection being 
total, with the rays entering and leaving at right angles to the faces and le- 
quiiing no silveiing of the latter, I made use of it fw the following eacpeii- 
ments : M and N are on micrometers with the screw in the direction normal 
to their faces. P, M, N, P' must all be adjustable. After preHnunaiy meas- 
urement for equal distances, the fringes were found without trouble. They 
were strong but fine, beginning with vertical hair-lines and gradually rotating 
as they grew coarser, till they rather abruptly vanished. The displacement 
of the M mirror did not exceed 0.6 mm., nor the rotation 30°. The spectra 
being non-reversed, the fringes covered the whole field. Nevertheless these 
lines must probably be re^uded as arcs of cirdes or ellipses with enor- 
mously distant centers. In fact, the appearance of the whole of the elliptic 
symmetry, in the preceding experiments ($ ai) with gratings, is also to 
be associated with a slight difference of length of two overlapping spectra. 
This is necessarily the case, since the two gratings G and G', figure 35, have 
never quite the same constant. The third grating must therefore produce 
two spectra, tiie one slightly incremented and the other decremented in length, 
respectively, as compared with the case for white fight. 




One would naturally suppose that the abrupt evanescence of fringes was 
due to the escape of the b beam at the edge of the prism P'; but this is not 
possible, as the mirror M was traveling toward the rear. Furthennoie, the 
fore-and-aft motion of the prism P' over several millimeters had scarcely any 
effect on the fringes. This is unexpected; for the rays, c, <f, are ccHnpelled to 
approach or recede from each other by this motion. Finally, the sodium 
doublets may be moved at some distance (many times their breadth) apart 
without destroying the fringes. They are oftm most distinct when the D 
lines are not superposed. The same is also true for the longitudinal axes, 
though to a less degree. 

These features are therefore peculiar. The rays c c' were about 5 mm. 
apart. Unfortunately the faces of the prisms were optically inadequate, so 
that the sodium lines were not sharp. For this reason no results were obtained 
with homogeneous light and a wide slit. 
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To enlarge the fringes, the prism P' may be rotated around a horizontal 
ans parallel to LT. The fringes then also rotate, but the increase of size so 
obtained is usually not striking. Moreover, no observatde effect, either on 
the size of &inges or on the range of displacement, is produced by inserting 
compensators in one beam or both. If M and N are moved together toward 
the right or left, the result is not appreciable. A great variety o£ different 
adjustments showed a range of displacement, at M, about the same (0.06 cm.), 
whether the patch of light on the prism was wide or narrow. The range of 
fore-and-aft motion of P' within which fringes are viable was 0.53 cm. They 
vanish quite abruptly when the light is near the edge of the prism, although 
both spectra are still strongly visible. When the light is nearer the base of 
the prism they vanish more gradually. Definite strips of white lig^t on both 
sides of the prism, therefore, cooperate to produce the fringes. The remainder 
of the illumination is ineffective. The distance apart of c and c', as modified 
by fore-and'Oft motion, curiously enough, is here without mailed influence. 
It is true, however, that the largest fringes were obtained v^ien the two pencils 
of Hght from M and N coincided at the objective of the telescope, although 
the D lines were in this case far apart. The attempt to find a systematic 
method for enlarging the fringes failed, possibly because the prism an^es 
were not quite identical. The striking contrast in the results obtained here 
in comparison with those of the preceding paragraph, although both methods 
are essentially the same, is noteworthy. 

It is for this reason that I thought it dedrable to test the method in figure 3 1 , 
which accomplishes with a prism what was done in my original experiments 
with reversed spectra, by tiie aid of a grating. In the Bgaxt the inddent 
beam of white Hg^t L from a collimator strikes the 60° prism at its e^e, and 
is then refracted into the paired pencils a, a'. These are reflected normally 
by the opaque mirrors M and N, again refracted by P as each pendl nearly 
retraces its path. The return beams, however, are given a slightiy upward 
trend, so as to impinge on the opaque mirror m (curved or plane). The rays 
reflected from m, in such a way as to avoid the prism P, may be reunited in 
the focus F observed by the lens T, or (if parallel) collected by a telescope at 7*. 
In view of the piism, the spectra are small and reversed, but may be brought 
to overlap at the red ends, which are towards each other. 

The small dispersion makes it necessary to use a strong telescope if the 
Fraunbofer lines are to be viable and the D lines separated. Usually the 
two doublets will be at a small angle to each other, but this does not mar 
the interferences. When the adjustment has been made symmetrically, 
a strong linear phenomenon maybe found notdiffering in appearance from the 
results obtained when a grating was used at P, figure 31. When the mir ror 
M is displaced, however, the fringes appear in the form of multiple vertical 
hair-lines, which grow coarser until but a sngle dark line flanlffid by a bright 
Hne is visible. With further displacement the phenomenon ^ain vanishes in 
passng through multiple hair-lines. This appearance of hair-lines is one 
distinguishing feature; but a much more important result is the small range 



I ov Google 



REVERSED AND NON-REVERSED SPECTRA. 51 

(rf displacement. It was found to be, between appearance and evanescence 
of fringes, 

t«so.ii3 0.119, etc., cm. 

thus scarcely larger than a millimeter, whereas in the case vhert a grating 
(Z> •■359X10-* cm.) was used in place of P the range of displacement was of 
the order of 5 mm. 

If the spectra be regarded with a prism grating, they become relatively 
long and short, respectively; but the phenomenon is none the less strong, 
althoi^;h it is apt to lie outside of the two sodium doublets and not midway 
between them, as with the telescope. It seeks out the line of ccnncident 
wave-lengths. Now, inasmuch as the refraction from M is normal and the 
rays virtually retrace their paths both in the case of the prism and the grating 
(in tlie original adjustment), it seems at first difficult to avoid the conclusion 
that wave-trains are more uniform in proporticm as they have been more 
highly dispersed. The only misgiving would be the fact that the phenomenon 
with prism appears and vanishes in hair-lines, whereas with gratings it goes 
out rather abruptly. Otherwise one would regard white light as consisting of 
irregular pulses incapable of prolonged interference, whereas the dispersed 
wave consists of wave-trains in each color, which throughout a cocaderable 
number of wave-lengths are plane polarized. True, if there is sliding, the 
sections (tf the two light-pencils, the points of which are capable of interfering 
in pairs, increase in area proportionately to the dispersion. 

Suppose that for low dispersion the fringes may be regarded as extremely 
eccentric, virtually Unear ellipses, the lateral distance between which very 
rapidly diminishes, so that, since te»o.i3, but 

I 0.13 

— — -aooo 

a 3Xio-* 

can be seen by the given telescope. These lines would move behind tiie strip 
carrying interference binges asMis displaced. If nowthe disperaonwere mucii 

de 

mcreased, say from ~ ~ 3 X 760 for the prism to 3 X a88o for the grating, the 

ellipses would be much less eccentric as a whole and their lines would have 
grown coarser, so that many more would be visible by the given optical 
system. As the disper^on is increased 3880/760 — 3.8 times, the range of 
displacement should increase similarly to 0.13X3.8 — 4.6 cm. The plane 
ruled grating (Z>b353Xio-* cm.) in question was now again mounted in 
place of P and under good illumination the range 0.48 cm. was found experi- 
mentally. This agrees very well with the estimated vahie. Moreover, on 
doee inspection it is discernible that the linear phenomenoa really consists 
of extrem d y eccentric ellipses, which in case of the best adjustments manifest 
the very sharp arrow-like forms. It also enters and vanishes in multilinear 
fonn, though the lines are not hair-lines. Thus the assertim that increased 
uniformity of wave-train accounts for the long range of displacement and 
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visibility in case of the grating is not warranted. In the second order of the 
ruled grating or with a grating of higher dispersion (i?— 175X10-* cm.) the 
field was too dark for experiments of this kind. In this work, however, I 
obtained the linear phenomenon for the first time, from the double di&acticHi 
of a film grating. 

In conclusion, it is interesting to refer to a relation of the reversed and the 
inverted spectra and their interferences. If in case of reversed spectra one 
of the superposed pair is rotated 180° in its own plane, around an axis normal 
to that plane and through the line of symmetry, the new pair of superposed 
spectra is an inverted system. At the same time the interferences which are 
ellipses in both experiments probably rotate their major axes 90°. In the 
case of reversed spectra this major axis is transverse, coinciding with the line 
of symmetry in a given wave-length, and the ellipses are extremely eccentric, 
whereas in the case of inverted spectra the major axis is probably longitudinal. 
It is not unusual to obtain a single line running all the way from red to violet ; 
but arrow-shaped forms never occiu*, so that the ellipses are rounded forms 
and belong to distant centers. An adequate reason for the highly eccentric, 
closely padced elliptic fringes of reversed spectra on their evolution from the 
round ellipses of inverted spectra by rotation is yet to be given. 

23. Apparent lengths of uniform wave-trains. — In { 16 certain results were 
given which made it seem plausible that the path-diSerences within which 
interferences are producible (i.«., the apparent lengths of uniform wave- 
trains) increase, as the disper^on to whidi the incident cdlimated white 
Ught is subjected is made continually greater. Work -mih this quest in view 
is reported in table i o, the plan being to produce the interferences by one and 
the same method, but with a successive variation of the dispersion of spectra. 
The method, figure 14, was first selected for this purpose, inasmuch as the use 
of prisms and gratings of different dispersive power at P meets the require- 
ments, while spectra of the first and second order are equally available. 

It is obvious that in wOTk of this kind the spectra must be bright, otherwise 
the fine lines will escape detection. Deficient values will thus be attained 
if the spectra are too dark. Moreover, the results can not furnish data of 
precision, since the exact instant at which fringes, contin\iaUy decreasing in 
size, have actually vanished, can not be fixed ; and it is the fine &inges which 
furnish a considerable amount of the displacement. The differences, however, 
are so large that not only orders of values are clearly apparent, but the 
raises more than sufficiently so to substantiate the argument. 

It is possible that the method, figure r4, gives the half-ranges only, since 
the efficient patches of light, figure 8, can not cross each other. The methods 
applied will nevertheless be trustworthy, since they are identical, the same 
telescope and other appurtenances being used throughout. Later the grating 
method (fig. 3), suitably modified, will be used. Path-lengths of a meter or 
more were usually admissible. 

In taUe 10 the first series of measurements is obtained with a 60° prism. 
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the dispersive power dB/dk being computed (approximatdy) firom Cauchy's 
equation, so that 

;i=j4+.B/X*=sin (*>+iS)/a/an*>/2 
nearly, and therefore 

d8/dk^4B sin ^-/aA' cos (*+5)/a 
<p bdng the prism angle (60°) and S the angle of TninimiiTn deviation. The 
constant B was put 4.6X10-". 



Tablb 10. — Ranges of displacement, e, y, for different dispers) 
fl-4.6Xio-". *.-i.6. 


ons. Method of figure 14. 


Di^Msitioi). 


ejtXio* 


^ffXlo" 


yXio* 
at P 


dt/iy 


« 


Remarks. 


60' prism P, 90° prism P" 


26 
24 


cm. 

!1 

17 


cm. 
16 
17 
19 


760 


49* 45' 


Too dark. 
Very bright. 

Bright spectra. 
Toodarit. 

Very bright. 
Very bright. 

Bright. 
Strong fringes. 


25 


18 

29 
30 


17 




Some. P' brougtit forvard 
Mean 


38 

32 


27 

11 


760 


49' 45' 


30 


30 


25 






Ruled gratmgP.go'prism/" 


100 
117 


81 

89 


I 


3,880 


9° 39' 


106 


85 


66 








161 
250 

227 


136 

239 


108 
ISS 

150 


6,030 


19° 34' 


Samei second order from P 
Same, second order near 


Pilm grating P,90*pTiamP 


173 


184 


155 


6,400 


2O'40' 


301 
303 


1% 


183 
200 








302 


236 


191 






Same, vertical fringes 

Same, second order from P 


32s 




234 


6,400 


20»4<»' 


482 
461 


422 


427 


16,910 


44" 56' 


472 


422 


438 






Same, second order, ver- 


500 













In the remaining series iS/dX = i/P cos 6, the usual expression for the grat- 
ing, B being the angle of difEraction and D the grating space. The dispersive 
power thus increases from about 800 to 17,000, over ao times. Throughout 
this whole enormous range good fringes were obtained. 

The values e show the displacement of the opaque mirror M during the 
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presence of fringes, and of the opaque mirror N as specified. Of these, tu is 
systematically larger than en for reasons which do not appear. The screws 
were of American and foreign make, but they could not be so different. It 
is due very probably to residual curvature in the mirrors and surfaces, whereby 
fringes on the left (^vanish sooner than those on the right (Jlf)- Thedatum 
y is the di^lacement of the right-angled reflecting prism P', parallel to the 
component rays bb'. This value is smaller than e for reasons already discussed 
in 1 16. All measurements were frequently repeated and the means finally 
taken for comparison with d0/d\. 

In the third series (ruled gmting and concave grating) with specially brilliant 
spectra, the phenomenon of figure 33 was observed. A wide field of faint 
fringes was visible, enormously accentuated and dear in the narrow strip of 
the linear phenomenon. As the micrometer mirror at M moves forward, these 
faint fringes shift bodily across the stationary bright linear strip, beginning 
therefore with the pattern a and ending with b. The faint fringes follow the 
rules of displacement interferome t ry. 

a 6 



«" 




In addition to the data of the table, a large number of miscellaneous tests 
were made with the reflecting prism in different portions. Unless brought 
too far to the rear, when the beams are lost at the edge and e too small, the 
results for flne and coarser fringes were of the same order. 

The values of y have been graphically given in figure 33 ; those for are 
not suflBciently regular in the dispersive powers above i ,000 f to" tins treament . 
It is probable, for instance, that at 16,900 the sliding along the prism surface 
is interfered with. All the data, in consideration of their limitations, bear out 
the inference that the rai^e of displacement within which fringes are seen 
increases in marked degree with the disperaon. The average initial ratio 
a\/(d8/d\) is about 6oXio-* cm. 

A very surprisii^ result in these e:q)eriments is the efficiency of the film 
grating in series IV and V, not only in the first but in the second order of 
spectra. 
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After these experiments an attempt vas made to obtain amilar results with 
the more cnnprehenave method of two gratings (transmitting G and reflecting 
C) of figure 3, above. But here Uie choice of gratings with appropriate con- 
stants was limited and with high double disperdon the fields were apt to be 
too dark. Good results were obtained with the 60" prism and concave grating 
and with the ruled grating together with the latter. In the method of figures, 
the second angle of diffraction is necessarily greater than the first, ff> B. To 
obviate this difficulty the method was modified for prisms as in figure 20, 
where G is the concave grating, T a strong lens near its focus, and m and n 
auxiliary minors. If this method is used for highly dispersive gratings ((? 
replacing F), t^e rays must be crossed as shown in figure 34. The fringes 
were found in this case when G was a film grating, but the work had to be 
abandoned, as the spectra were dull. 

The data given in table 11 again show marled increase of displacement 
with the dispersion dfl/dX. though it is not proportional here. The method 
with two gratings lacks the brilliancy of the prism meUiod. 
Table ii.— Range of displacement for different diaperave poweis. Method of figure 30, 



Details. 


*M 




d» 


• 




60* priran and concave grating 

Rnled and concave grating 

Film and concave grating 


cm. 
0.357 
.300 
.514 
.509 


em. 
0.315 

.383 

.530 


760 
2,880 
2.880 
6,400 


49' 45' 

49 45 
9 39 
9 39 

20 40 


Bri^t. 
Toodaric 
Bright arrom. 

Toodaric. 



24. Nonnaldi^lacementof mirrors (5 = 0). — This desideratum was secured 
in the original methods, in which a single grating was used for both diffirsctions. 
Rays in such a case have to cross the grating somewhat obliquely to the hori- 
jsontal. The method, furthermore, is restricted to the Hnear vertical fringes, 
which are not useful if practical measurement is aimed at. 

In the mediods witha right-angled reflecting prism (fig. 14), this result is 
easily secured by displacing the prism. In all other methods (6>o), the dis- 
placement of mirror is accompanied by sliding of the pencil along it. The 
effect, as has been shown, is not negligible. It therefore seemed dearable to 
devise other methods in whidi 5=o, and figure 35 is a device of this kind. 

Here G and G' are two identical gratings, the first, G, receiving the Ug^t L 
from a collimator. The component pencils a, a' pass through the half-silvered 
plate H, and thence {b, 60 to the opaque mirrors M and N, one or both on a 
micrometer. TTie pencils h and b', impinging normally, retrace their paths 
and are thereafter reflected at the plate H into c and c'. These strike the 
second grating G' at the proper angle of difiraction and thereafter enter the 
telescope T together. The path of rays is symmetrical throughout. White 
H^t is screened oS at d. Reversed spectra are seen at T. Unfortunately the 
o^ identical gratings at my disposal were fihn gratings of hi^ dispcsaon 
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(Z)= i6aXio-*). As a result of the two difiractioos and the half-silver reflec- 
tion, the spectra were too dull to make it worth while to look for fringes, at 
length. None was discernible after some searching, to my r^ret, for the 
method itself has many points of interest and with gratings of low dispersion 
it succeeds. 

Later I stripped a celluloid film from the ruled grating (Z) = 3S2Xio-*) and 
mounted it by ^mple stretching. Using the ori^al grating at G and the film 
at C, the binges were found with some patience. The spectra were fairly 
bright (arc lamp) and the &inges reasonably strong; but they admitted of a 
displacement of only i.Smm., in spite of the vanishing angle J=o. Posably 
this small displacement is due to the imperfect film grating. 

In further experiments I half-silvered plates of glass to different density. 
In this worif I obtained adequately bright spectra and practically perfect 
fringes, but the rar^e of displacement ($~o) could not be increased above 
1.8 mm. Within tlds interval the fringes seem to change fonn but little, 
thinning only being evident. Then they become dull and vanish. 

The method was temporarily modified, as shown in figure 36, where C is a 
ruled grating (Z?=3S3Xio-' cm.), G' a film grating (I' = i76Xio-*cm.), and 
m an opaque mirror. This naturally introduces an angle 8= 9'— $, which is 
negative when ^ > 9, or the grating G shows greater dispersion. The mirror 
is limited in breadth, so that the rays a, a' have free access to M and N. The 
fringes were found after some trouble, for the transmitting grating G' also 
acts as a reflecting grating if the rays b, b' fall upon it, and it is not always 
* easy to separate these two cases, each of which will give fringes on proper 
adjustment. The spectra are very bright and the range was about 2 mm. 

The same method was now carried out with prisms, as shown in figure 37, 
where L is the incident pencil from a collimator, P and P' right-angled prisms, 
/ the half-silvered plate, N and M opaque mirrors on micrometers, T the 
telescope. The spectra seen at T have each been four times refracted and 
twice reflected, at M and H. They are very bright, so that a very fine slit 
(here specially desirable) is available. The sodium lines are not separated. 
On bringing the spectra to overlap at their corresponding edges, the fringes 
were found. They are peculiar, inasmuch as they show the phenomenon of 
figure 32, but with the faint fringes curved and more prominent than hereto- 
fore. In other words, the faint phenomenon shifts across the field from side 
to side, but is enormously accentuated at the transverse strip of the linear 
phenomenon. Narrowii^ the incident pencil broadens and blackens the 
fringes. They may be obtained in the gap between two spectra just separated. 

iisplacement within which fringes are seen was, however, very 

ceding 0.2 mm. This is a characteristic of these fringes and in 

the low dispersion. 

ting to note that the systems %ures 35, 36, 37 constitute an 

direct-vision spectroscope. It has been shown that it can be 

iwerful. 

lethod, figure 37, was now used with two 60° prisms of highly 



iiz.d.y Google 



REVERSED AND NON-REVERSED SPECTRA. 



57 



refracting glass. In contrast with the ease in whidi the adjustments were 
made with the symmetrical 45° prisms, the corresponding work with 60° prisms 
proved to be exceedingly difficult. True, the prisms were lar^, including 
long glass-paths. The sodium lines, now clearly separated, were markedly 
curved, so that on placing them near together they either assumed an 0-shape 
or an X-shape. But the spectra were brilliant and nothing appeared to mili- 
tate against a successful result. But it was not until after days of seardiing 
that the £nnges were found, and then only with two prisms of different, highly 
refracting glass. They were not quite uniform, but it seemed impos^ble to 
improve them. The ranges of displacement were found to be 0.08S to 0.095 
cm. with the electric arc, 0.103 cm. with (condensed) sunlight. This is again 
in accord with the large increase of dispersion, the range of displacement being 
about five times greater than was the case with 45° prism of less refracting 
glass. 

1^^ 




25. Diffraction at M, N, r^Iacing reflection. — ^The present method of 
observing interferences in the zero, fii^, second, third, and even fourth 
order, successively, without essential change of the parts of the apparatus, is 
noteworthy. I happened to possess a plane reflecting grating {DX lo"*— aoo), 
cut into two equal parts by a section parallel to the rulings, and it was there- 
fore easy to devise the method. In figure 
58, the incident light L from the colli- 
mator is separated into two component 
beams a and a' by the 60° prism P. This 
is essential here, as an abtmdance of light 
is needed (sunlight should be focused by 
a large lens of long focus (5 feet) on the 
slit). The rays a, a' are then either 
reflected or diffracted in any order by the 
plane reflecting gratings G, C into the collinear rays b, b'. They are then 
reflected by the silvered right-angled prism P' and observed in a telescope 
at T. G and G' and if possible also P* should be on micrometers, so that 
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cnrespondii^ displacements e, e*, normal to G and G' and y in the direction 
66', may be legistered. 

The adjustments, if symmetry were demanded, would be cumbersome; for, 
in addition to precise modification of the position and orientation of the prisma 
P, P', the gtatii^ requires fine adjustment and a means of securing paralldism 
of the rulings. But an approximate adjustment does very well and no pains 
were taken in the first experiments to secure symmetry. The spectra were 
intensely brilliant in the low-order work; but even in the fourth order the 
l^ht was adequate. One may note that here the gratings do not reverse the 
dispersion of the prism P, though this is relatively small. Table la is an 
example of results: 



Table i3.— Ranges of dienlacement varying with dispenioD. Paired 
gratings and 60* pram. B-46'. l-44°- «-3«C06«/3- 


Older 


Observed 
• Xio" 


xXio* 


1 


de/dk 


Remaite. 




i 

4 


cm. 

.& 

300 

tSo 

300 

430 

4M 

400 
380 

320 

300 
520 
5» 

US 

Sao 
4SO 


70 
35' 
351 
777 

731 

573 
963 
1070 
910 


ia.8* 
31.3* 

35! 
40-5 

-^< 
50.4" 

[-S:t: 


760 
} 3490 

} «.«. 

} 9.930 
} 14.800 


pringes faint 
iFringei faint. 



The Mi^es in the zero order were good and stnmg, not inferior to any of 
the others, but vmfortunately too short-Uved. In the fourth order the fringes 
are weak (although the enormous sodium doublets stand out clearly), doubt- 
less fwra excess of eattraneous h^t. Here also it is difficult to prevent the 
beam from vanishing at the edge of the prism P'. Hence the anomaloualy 
small displacement, a discrepancy whidi is already quite manifest in the 
third order. 

The present experiments furnish a striking example of the uniform breadth 
of the strip of spectrum carrying the fringes, quite apart from the dispersion 
of the spectra. In the prism spectrum, where the sodium doublets are indi- 
cated by a hair-line just visible, to the fourth-order spectra, where they stand 
apart like ropes, the linear phenomenon has the same width. 

The onnputation of the dispersive power in these cases is peculiar. It will 
be seen from figure 38 that the angle 1=44° between the incident ray a and 
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the diffracted ray b is constant and is S = 0+i in the first and secmd and 
5 — 9—1 in the third and fourth orders. Hence in succes^on 



sin (3— »)— sint=X/i3 
sin (3+»)+sin»=3X/P 



sin(«-0-an»-aX/Z) 
sin (J+O+sin »— 4X/Z> 



from wbidi equations the angle i may be computed. I did this with sufficient 
accuracy graphically, and the values of t and $ so found are given in table is. 
Since dO'^di, apart from sign, it follows that the dispersing power is 
-d«/dK~n/D (oos t+cos (8-0) 
where h is the order of the spectrum and t duinges agn in the third and fourth 
orders. With the values of i given, the data for dO/d^ in the table were finally 
computed. The dispersive power of the prism was computed as above and 
is to be added to all the succeedii^ dispersive powers. Figure 39 shows the 
relation between the dispersive pow- 
ers and the path-diSerence am 20 
cos S/a computed f rom the observed 
range of displacement e of the grat- 
ing C The largest values of x are 
taken, as they are the most proba- 
ble. The effect of dispersion here .4 
breaks down in the third and fourth 
orders, as already stated, [oobably 
from incidental causes. For the 
spectra themselves were still ade- 
quately bri^t, but the binges were 
faint for some reason and I failed to malce them stronger. The rate «/(dtf/dX) 
is here about laoXto** initially. This is larger than above, owing to the 
differences of apparatus used, etc. 

26. Experimeots with the concave grating. — ^As there was an excellent 
Rowland grating in the laboratory with a 6-foot radius and a grating space 
D^iitXio"* cm., it seemed worth while to obtain the interferences with it. 
t bad hoped to doubly diffract the rays at the same grating, but there is not 
light enough to make this method fruitful. Accordingly the device, figure 40, 
promised the best results, where I. is a convergent pencil of sunlight, 5 the 
sht. The pendl L is carried above the grating G to the opaque mirror m, 
whence it is reflected to the grating and diffracted into the component beams 
a and a'. These are in turn reflected by the opaque mirrors M and N (on 
micrometers) into the pencils b and b', nearly coltinear. The latter are then 
reflected by the silvered right-angled prism P to the ctmunon focus F, to be 
observed with the lens T. The s^jectra are very bright and highly dispersed 
and are easily made to overlap tm their OHitiguous edges (parallel to a Fraun- 
befer line D, for instance) sufficiently to show the linear phenomenon of 
reversed spectra. 
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The fringes are eaaly found and splendid, though they are not superior in 
this respect to the fringes obtained by other methods. P is also on a microm- 
eter with the screw in the mean direction b b'. The range of displacement of 
P was about}* = 0.55 cm., so that the available path-diSerence is considerably 
above a centimeter. Within this the fringes pass from fine hair-lines through 
a maximum and back again, apparently without rotation. To enlarge the 
fringes the grating G may be tilted in its own plane or a similar adjustment 
made at P. 

The longitudinal axes of the spectra (wire across the sht) are not in focus 
with the D line; but though hazy they sufSce for adjustment. Naturally the 
distance Fbc^ is the radius of the grating R (6 feet) and the distance Sm+mG 
is R cos 8. The distances are approximately laid off and the observer at T 
may then push the narror M fore and aft by the aid of a lever till the Fraun- 
hofer lines are sharp. 

Unfortunately the spectra as a whole are ^lifted by the micrometers, to- 
gether when P moves and separately when M or N moves. 

27. Polarization. — The two rays obtained from calc spar, if corrected for 
polarization, should be available for interferences of the present kind. Nat- 
urally an adiromatized calc-spar prism (C, fig. 41) is most convenient for the 




White light from a collimator, L, is doubly refracted by this prism 
e extraordinary ray a, just missing the grating G (above or on the 
ainges on the opaque mirror M and is thence reflected to the grating 
rdinary ray a' is reflected from the opaque mirror N and thence also 
le grating. These two pencils, 6, b', are directly reflected by the 
?Xio*=30o cm.) into Rm and R^ and diffracted into Z>'_and D'.. 
ly adjusting the grating between C and M and inclining it as shown, 
ident spectra may be made to pass along the common direction c 
escope at T. These spectra are quite intense. One is somewhat 
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more dispersed than the other, owing to the diSerence of anj^es of incidence 
i, i' and to the residual or differential dispersion at the calc^spar prism, for 
only the a pencil has been adequately achromatized. In my apparatus the 
distances CM and GM were about 130 and 100 cm. and the distance NM 
roughly 30 cm. AT is on a micrometer, as it is nearer to the observer at T, 
though it would be preferable to put M on a micrometer. 

To obtain interferences of the present kind, the plane of polarization of 
either a or a' must be rotated 90°. This may be done by two quarter-wave- 
length micas M, in a', the first of whidi (set at 45" as usual) produces drcu- 
larty polarized light and the second then erects the vibration into parallelism 
with the vibration of the pencil a. Other methods will presently be resorted to. 

With this adjustment fringes were found at T after some searching. They 
were large, but occurred in a transverse strip of spectrum about DxThJ^ in 
width. True, the spectra are without reversion; but, as stated before, one 
was about tme-fifth longer than the other. This is probably the reason for 
the narrowness of the strip, for the binges should otherwise fill the spectrum. 

The fringes as first found admitted a displacement of li of about 0.3 cm. 
only. They were hard to control, needed ^larp longitudinal adjustment, and 
when lost were difficult to find again. They rotate from and to vertical hair- 
lines, through a horizontal maximum. They are always found in the line of 
symmetry, which for unequal spectra moves more rapidly than the Fraun- 
hofer lines if they are separated. The nearer quarter-undulation plate at 
W may be considerably rotated without quite destroying the fringes. 

If the double quarter-wave-tength plate is suitably put in the a beam, 
results of the same kind are naturally obtained. If a single quarter-wave- 
length plate is placed in each beam, at 45°, both will be dixntlarty polarized, 
the position of the micrometer being intermediate. I tested this case at some 
length, but found no interferences, as was to be expected. Circularly polar- 
ized rays of the same sense do not interfere. 

In place of tiie achromatized calc-spar prism, a double-image Wollaston 
prism or a double-image Presnel prism (rotary polarization) could be used. 
Unfortututtely I had neither of these, but the latter in connection with an 
analyzing nicol would have been worth testing. 
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THE IMTKKVJIKEnCBS OF IHVBRTBD S^ICTRA. 

28. Introductory. — If two identical spectra are superposed in sudi a way 
that one is rotated i8o°, on a transverse axis (parallel to the Fraunhofer 
lines), with respect to the other, it will be convenient to refer to the phenomena 
resulting and described in Chapter I as the interferences of reversed spectra. 
On the other hand, if one of the superposed spectra has been rotated i8o° 
with respect to the other on a longitudinal axis (parallel to the length of the 
spectrum), we may refer to the interferences as those of inverted spectra. 
The absence of either of these adjustments would then be accentuated as 
non-reversed or non-inverted. 

In the case of inverted spectra, therefore, we are dealing with phenmnena 
of virtually homogeneous light, exhibited throughout the length ot the ^>eo- 
tnun. Such experiments were made cursorily in my first paper on the sub- 
ject,* but the phencmienonisvery peculiar, apparently anomalous, and further 
treatment is therefore dearable. 

29. Apparatus. Non-Inverted spectra. — The apparatus formerly used for 
long optical paths is difficult to manipulate. It has therefore been simplified 
in the present method and used for short distances, so as to be wholly in the 
observer's control. The parts of the apparatus are conveniently assembled as 
in a preceding experiment, ^cept that the slit which furnishes the ctdlimated 
light L, figure 43, is now horizontal — i.e., at right angles to the edge 1^ the 
sharp prism P (about 30° at apex). The rays a and a' (horizontal blades), 
after leaving the opaque mirrors M and N, are then reflected from the sides 
of the r^ht-angled prism P' into c and c'. Thus far the l^ht is white; but 
c and c' are now diffracted by the grating G with its rulings horizontal (par- 
allel to slit) and with the interposition of an auxiliary prism p (edge liori* 
zontal), the two spectra due to c and c' are observed by a telescope at 7". 

The experiment succeeds best with sunlight. The triangle of rays, a, o', 
b', b, is first made isosceles and horizontal by adjusting P.i", beii^ set midway 
and symmetrically between M and N. The two spectra in the telescope 
(vertical ribands) are now made to overlap at their inner edges and the two 
sodium doublets placed accurately in contact, by aid of the adjustment 
screws on the mirrors M and N. The latter are then to be moved micromet- 
rically (Fraunhofer slide) until the fringes appear. The experiment is not 
an easy one. 
It is obvious from figure 43 that the two superimposed spectra are non- 
* Am. Journal, xl, pp. 486 to 498, 1915, 1 4; Cam^ie Inst. Wash. Pub. 349, Chap. I. 
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inverted en- direct. Heace with a vide slit, or insufficiently homogeneous 
Ught in the direction of a given Fraunhofer line, no fringes will appear. Such 
firinges as may in any case be found will not, therefore, much outlast the 
Fraunhofer lines, so far as width of slit is concerned. Furthermore, even if 
the slit is narrow and the spectra codrdinated, there will be no fringes obtain- 
able if the superimposed solar spectra are quite unbroken — i.e., without in- 
cidental furrows in the direction of their length (normal to the Fraunhofer 
lines). For it is to be noticed that the slit is horizontal, and therefore there 
is no observable diffraction — i.e., virtually no sht in the horizcmtal direction. 
If, however, the spectrum field is interrupted longitudinally by a thin 
(o.i mm.) wire drawn across the slit (or, much better, by very fine specks of 
dust lying incidentally within the slit), tben these fine opaque objects will 
effectively replace the slit, or act anal<%ously to a slit in the horizontal di- 
rection. Hence fringes will appear when the path-difference is sufficiently 
small, associated with the geometric shadow of the opaque objects, throt^- 
out the length of the spectrum. 




We have here, therefore, a peculiar case of the diffraction of a rod, from 
two separately controlled half-wave-fronts. The fringes at one extreme of 
adjustment of mirror M begin with fine horizontal lines, which on moving M 
incline and enlarge until they gain the maximum of size in the vertical direc- 
tion. After this, on further motion of M in the same direction, they indine 
further, diminish in size, and finally become horizontal and hair-like again. 
They move along the horizontal axis with M, subject to the equation 

dn acos I/a 
where S/2 is the angle of incidence at M, X the wave-length, and dt/dn the 
nonnal displacement of M per fringe. 

\nthin the region of overlapping spectra each longitudinal blade line is 
covered from end to end with fringes, the strip being about of DtPt width 
or more if the line is thinner. A broad black Une (thidcer wire across sUt) 
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shows the fringes at its edges only. While the spectrum may thus be covered 
with independent strands of fringes, they all move or change phase together. 
The range of displacement of the micrometer-screw is about a mm. When 
the spectra are about to separate — (,*,, when overlapping ceases — the binges 
are apt to be particularly wide, say even 4DiDt, and they may be seen in 
the gap between spectra. In general, the degree of coarseness of fringes de- 
pends on the adjustment for parallelism of spectra. 

30. Apparatus and results for inverted spectra. — ^The preceding apparatus 
may be modified as shown in figure 43. Here L is a coUimated beam of white 
sunlight from the vertical slit, G a transmitting grating. The component 
pencils a and a' of spectrum light impinge on the opaque mirrors M and N, 
and are then refiected in b and b' to 
reach the silvered ades of the right- 
angled prism P'. This is now placed 
with its sides at 45° to the horizontal 
and its edge in the direction of the 
inddent beam L prolonged. Hence 
the two pencils b and b' are reflected 
vertically upward (fig. 44) and appear 
as two identical and parallel spectra ^V- 
in the field of a telescope, vertically 
above P'. Observation is conveniently made downward to obviate additional 
refiection. If the triangle a. a', b', b is horizontal and isosceles there is no 
difficulty. On slightly moving the adjustment screen on M, N, P' (which 
must be revolvable on a vertical axis, and P', or the beam L, movable up or 
down), to bring the two spectra into coincidence along a given lot^tudinal 
axis, and a transverse axis like the D lines, the two spectra are symmetri- 
cal — i.e., miiTor images one of another with respect to the longitudinal axis. 
If, now, the mirror M is moved on a micrometer, the fringes of inverted spec- 
tra appear when the path-difterences are nearly the same. 




45 

a 6 c d 

Obtained at short distances (of the order of a foot) on the cast-iron block 
(Chap. I, fig. 3), these fringes are quiet and better circumstanced for obser- 
vation; but their characteristics are the same as found for them before (Chap. 
I, S 4. Carnegie Inst. Wash. Pub. 249). They lie within a narrow strip at 
the line of symmetry of the two superposed spectra, running from end to 
end and in breadth about three times the distance apart of the sodium lines 
(jZJvDi)- When the mirror M is moved micrometrically in one direction, 
the fringes begin to appear as fine hair-lines (a, fig. 45) parallel to the D lines. 
These fine fringes gradually coarsen and rotate until they reach their max- 
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innun size e, when they are perpendicular to the D lines. A single blade or 
bright line may here extend frota end to end of the spectrum. Thereafter 
they grow finer (rotating again) in the same way until they vanish, «, as 
they began. The total angle of rotation is thus i8o°. 

If the two beams b and b', figure 43, are moved nearer the edge of the 
prism, the fringes become larger, but usually not much. At least I did not, at 
first, succeed in separating the fringes much b^ond the DiDt distance. The 
width of the longitudinal interference strip remains unchanged. If the light 
is removed at the line of symmetry (wire across slit), the fringes are sharply 
outlined across the black line. Being so small, they are naturally always 
sharp and vivid. The range of displacement of M within which fringes are 
visible was about 0.3 cm. for the given grating (Z7a353X 10-*}, corresponding 
to the complete rotation 180°, instanced above. If the sht is widened, the 
fringes shghtly outlast the Fraunhofer lines. They also lie in the principal 
focal plane. 

The remarkable feature of these fringes is the definite breadth of strip, 
from red to violet, within which they lie. With full wave-fronts the stria- 
tions kx^ as though they were cut between two paralld lines, iDiDi apart, 
In some adjustments, however, suggestions of concealed fringes, very faint 
prolongations of the strongly marked striations, are unmistakable. 

31. Wave^Jronts narrowed. — ^The longitudinal strip within which the 
interferences he is very sharply limited in In^adth, as has been stated. It 
may, however, be broadened by screening off the white beam, as it leaves the 
collimator, from below. When the whole length of slit is utilized, the strip 
may not be more than DiDt in width. As the vertical blade or beam of white 
light is cut off, more and more from bdow, Uie strip increases to a width of 
4DtDt, and when the two inverted spectra in the field of the telescope b^in 
to separate at the line of symmetry, the strip may be over toDiDt in width. 
It is obvious that in such a case the light comes from near the horizontal top 
edge of the prism. The wave-fronts are sHt-like. The fidd within whidi 
diffraction is perceptible in the telescope increases in breadth as the colored 
wave-front, inddent at the objective of the telescope and parallel to the 
spectrum, decreases in breadth in the same direction. In figure 46, a and b 
are the two component beams from the two faces of the prism, respectively. 
The focus is at /. The arrows show the effect of narrowing. The oblique 
rays (omitted) are similarly affected and in step with the axial rays shown. 
But the fringes are not changed in size. They may, however, be definitely 
changed in inclination. Size results from the anterior relations of the spectra 
(distance between paired pencils), and not from the width of wave-tront. 

These inverted fringes admit of much magnification. With a strong tele- 
sec^ (magnification about 15) they are quite sharp only in a part of the 
magnified spectrum and grow v^ue beyond, showing that the component 
spectra are not quite identical after the two refiections. When not quite in 
adjustment, the strip is liable to exhibit separate oblique strands, lying within 
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the same Btrip or r^ion (fig. 47). They may become sharp by chan^ng 
the focal plane of the eye-piece. When parallel to the length of the spectrum 
and seen in a strong telescope, about 7 lines alternately black and white may 
be counted. The whole lie within a strip of not much above DiD, width. 
The range of displacement of M for a rotation of 180° of fringes is about 
0.35 cm. Change of size of fringes from red to violet is hardly appreciable. 




47 




The same results may be obtained by placing a screen 55, figure 46, with 
two parallel slits, under the vertical telescope, to admit and limit the two 
rays c and c' in figure 44. It was found that slits 3 or even 6 mm. apart may 
still show fringes, though they are obviously smaller as the distance apart is 
greater. The most interesting results were obtained by bringii^ the rays a 
little beyond the edge of the prism, so that the spectra in Uie telescc^ SS', 
figure 48, are separated at some distance. A loag collimator (i meter) is 
advantageous. In this way the character of these fringes was definitely 
estabUshed. They are of the elliptic type, as suggested in the figure, diar- 
acteristic of the displacement interferometer, and the cases, figure 45, a, b. c, 
d, e, are thus merely the intercepts of ellipses with Uie distant centers, 
between parallels. Very coarse central fringes were obtained in the dark 
gap, and the displacement at mirror M, between the extreme hair-Une types, 
was now only about 0.08 cm., all fringes filing by the coinddetit D lines 
while the micrometer shifted. 

Hence this method is available for dtEplacement interferometry, the hori- 
zontal type c, figure 45, normal to the D lines, being used for setting the mi- 
crometer at Af . If a plate of glass of thif^lmpige E and index of refraction /i 
is inserted normally into one beam, the corresponding air-path is 



c-£ 



G— l)-4--f) 



when B is Cauchy's constant and the wave-length X. I assumed^ » 4.6X10"^* 
and £/X'»o.o365. On the otho* hand, the same air-path for a normal dis- 
placement, t, of the mirror as given by the micrometer-screw is 

.^« 3^008 (90°— ff)/a — a«cos3/* 
where $ is the angle of diffraction of the grating G, figure 43, and 6 6' is nor- 
mal to the direction of incident light. Hence 

£0i-i-)-aB/X»)-3«cos (go'-tfVa 
A rou^ qp er im ent was made with a plate E^t.a cm. thick, m'*i-53> 
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The corresponding displacement found was e-o.93 cm. The computed dts- 
plaoement should be e=»o.8o cm. The low value was supposed to be due to 
the need of readjustment (wedge-shape) and insufficient ncnmaUty of plate. 
Further data (tijjle 13) were therefore investigated fen- thinner plates, but 
they do not dear away the difficulties. 

Table 13.— Inverted spectra. »-?• 39'- *■« cos (9o"-»)/3. 
11-1-536: fl-4.6Xitr": aBA'-o.oa65;i-£0«-i)-H3£flA*- 
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In table 13, e is the observed normal displacement of the mirror M, x the 
corresponding computed patb-difierence, t the path-difference computed for 
the glass of thidmess E and the index of refraction ix. Prom e the displace- 
ment t ot from X the glass thickness E may be computed. These are given 
in the table. In the second and third parts of the table, the edge of the prism 
P' was indined at an angle to the line of symmetry, in opposite directions. 
The effect of this is manifest, but it does not explain the very large values of 
X for the symmetrical adjustment (rays imm grating to mirror maldng an 
isoscdes triangle) of the next observations. These were made with care. P', 
figure 43, lay at the middle of the base of the isosceles triangle of rays from 
G. The long collimator was used, giving two splendid spectra, and rays were 
raised until magnificent large, cord-like fringes appeared. The longitudinal 
fringe, a angle line normal to the sodium lines extending tbrouf^iout the 
spectrum, made it possible to set the micrometer to about 0.0003 cm., or 5 
wave-lengths. The motion of &inges with the rotation of plate being very 
strikii^, the plate was placed in the normal position to the rays by noting 
the re tr ogression of frii^es at this p(»nt. The total range of displacement 
between extreme hair-like striations was 0.35 to 0.30 cm. One circumstance 
was noticed for the first time — that on limiting the blade-Uke beam from 
below (as above described) the fringes not only enlarge, but rotate — i^., 
path-difference is modified. 

It is thus difficult to ascertain the discrepandes in x in table 13, as these 
values should be nearly 0.41 cm. throughout, or in «, which should be about 
0.37 cm. when the prism is symmetrically placed. 

32. Inverted spectra. Further measurements. — ^The curious results shown 
in table 13 induced me to endeavor to detect the nature of the discrepancy 
by displacing the prism in the direction of the beams inddent Mpoa it. To 
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do this ^ectively it was necessary to do the work at long distances (meters), 
in order that adequate space nught be available between opaque mirrors 
and prism. Accordingly M, N, P', figtu*e 43, were ell placed on micrometers, 
with the screws normal to the faces of the mirrors and the right edge of the 
prism, respectively. The fringes were found without difficulty and tb^ 
were large and perfect near the edge of contact of the spectra. Though the 
sunlight was waning, a few measurements of ranges of displacement were 
made. They were on the average (e at M and N, y at P) : 

«M=o.o9Scm. ff^ = o.o97cm. j'=o.o62cm. 

and since *=accos i/2 should correspond to ay, 

*M=o.i45 cm. «jf =0.148 cm. aj=o.ia4 cm. 

Here, as above, x> 3y, or the slidiog along the edge of P whidi accompanies 
e is distinctly effective, being nearly 16 pe* cent of ay. 

Next day, with a bright sun, so that much finer fringes could still be de- 
tected, the range could be increased to €^=0.2 cm. orxjif=o.3 cm. when the 
spectra were all but separated on their near edges and fringes very large. 
For the case of much overlapping of spectra, tu=o.is cm., xjf^o.aa cm., 
were obtained. Finally, when the spectra were all but separated on the far 
edges (implying reflecti(m at some distance from the edge of the prism P), 
the fringes were glittering, but too small to be distinctly seen. 
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Bi taUe 14 the results for ey, en, and y are given, when these displacements 
are produced by a glass plate £=0.434 cm. thick. If the coefficient of dis- 
perdon B is assumed, the displacement computed from X, ft, £ would be 
s— 0.343 cm. Although the values of ay are larger than this, the difference 
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must be ascribed to the assumed value of B and to the difficulty of pladng 
the plate normal to the rays. The method of reversitm of frii^ies, used else- 
where, is not sufficiently sensitive here. The data for x are again in excess 
(^ 7 by about 13 per cent. 

Finally, a series of consecutive measurements were made of the ranges of 
displacement, 2y, for different dispersive powers at G, figure 43, all under 
(otherTnse) like orcumstances. The mean results were for 

6o*prism 49/dkm 760. 231-0.060011. 

Ruled grating 3,880. .117 

Film grating 6400. .ao8 

Three or more measurements, completed in each case, were in good agree- 
ment. The attempt was also made to use a 45° prism here, but the spectra 
were too small and the fringes could not be found. In each of these cases 
the value of ly for the plate £=0.434 cm., as shown in table 14, series III, 
IV, V, are virtually the same. The rapid increase of range of displacement 
with the dispersion of the system is thus ^;ain encountered. 

33. Rotation of fringes. — ^A word must now be given relative to the rotaUon 
of frii^es, which is here throughout 180°, whereas in the amilar case above 
(Chapter I, §§ 35, a6) the rotation was but 90". It will be seen on consulting 
figure 43 that if M moves micrometrically, normal to itself, the pencil b will 
slide fore and aft, along the edge of the reflecting prism P". Thus b may be 
either in front of or bdiind 6' or coplanar with it in a vertical plane. It will 
not generally be ccdlinear. This is an essential part of the explanation. 

^ / <7». $i f, ^ 

'' P 23 4 

In figure 49, let a and b be the two patches of light of like color and origin, 
which produce interferences. The fringes will therefore be arranged in the 
direction /, nonnal to the line ab. Now suppose a is moved toward the right 
or b toward the left, or both, parallel to the edge of the prism, as the arrows 
in the figure suggest. Then the fringes will successively take the trends of 
which cases i, 2, 3, 4 are typical examples. In other words, they will be 
markedly accelerated and retarded in pas^g through the cases 3 and 3 re- 
spectively. This is precisely what takes place and si^gests why the case 
between 3 and 3 may be used as a fiducial mark in interferometry. If a and 
b also move vertically, in figure 49 there will be no essential difference, unless 
the latter motion is large. In such a case the rotation may become 1,3,3, i. 

The displacement of 6 parallel to itself, for a normal displacement e of the 
mirror M, will be, as above, figure 17, if a = ff'— 9=90°— ff 
J = 3c an i/2 
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and the coiresponding displacement of c parallel to itself, since iv'^^go* 
t=s tan<p'/2=s = ae sin S/2. 

If 9=9''39', f=5 = a«Xo.8iai.63«. Thus if <~o.35 cm., f-0,4 cm., and 
since t is twice the vidth of the patches oc strips shding over eaxii other, tiie 
width of this strip would be 0.3 cm. 

It is the shding of the pencil 6 along the edge of P" which introduces addi- 
tional path-differences whenever P' is not symmetrical and its edge not par- 
allel to the plane a a'. It is probable also that the same restrictions as to 
the breadth and depth of efficient wave-fronts will apply here as before; but 
this should be specially investigated. The neariy circular outline of the locus 
of fringes, when spectra are both reversed and inverted in S36, even though 
homogeneous hght is in question in the last case, clearly points in this direction. 

34. RAOge of displacement varying with orientation tA reflecttH' P'. — The 

displacement t of the mirrors M and N slides the corresponding pencil b 
or b', figure 43, along the edge of the reflecting prism P", and a reason for 
the rotation of fringes is thus eaaly at hand. It does not at once appear why 
the right or the left displacement iy) tAP" should also produce a rotation of 
fringes; for here the pencils b and b' remain collinear and there is no sliding. 
It must thus be remembered, however, that the fringes are ultimately dlip- 
tic ; for the axis parallel to the Fraunhofer lines is conditioned by the obliquity 
of rays in this plane only, whereas the axis in the direction oA the length of 
spectrum depends on dispersion. The motion yoi P" displaces these dlipses 
bodily through the spectrum. Hence the fringes first appear at any given 
Fraunhofer Une in the form of hair-like striations paralld to it. These 
enlarge and rotate to a maximum normal to the Fraunhofer line. In fact, a 
single interference line may now run from end to end of the spectrum. There- 
after the firinges vanish in symmetrically the same manner and are last seen 
as fine striations parallel to the Fraunhofer line. It is possible, therefore, 
that the shding of pencils which accompanies the t displacement accounts 
for the difference of values of 3;= ae cos S/2 and 2y. 

Before discussing this question further it seemed necessary to study the 
effect of different orientations of /" relative to the b b' rays. One may note, 
prehminarily, that a rotation of M and ^ on a horizontal axis parallel to 
their faces, or of P' on a horizontal axis parallel to its edge, also rotates the 
fringes; but it seems probable that these motions are virtually equivalent to 
a displacement, y, of the edge of the prism. 

The fringes may be seen in all focal planes, at least the long line parallel 
to the length of spectrum. The others may often be restored by rotatii^ the 
grating. The marked occurrence of frii^es in the narrow longitudinal gap 
between two spectra (overlapping just removed by the rotation of M and N 
on a horizontal axis) can possibly be explained in this way. These fringes in 
the dark space are very sharp and luminous and seen in the principal focal 
plane with the Fraunhofer lines. But it will usually be found that on draw- 
ing the ocular out the separated spectra will overlap at thdr et^es again, 
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whereas on pushing the ocular in from the principal position the separation 
is increased. Hence, to account for the disturbance in the ether gap, as it 
were, it seems most reasonable to assume that the rays cross and interference 
occurs after the rays have passed the principal focal plane (i.e., nearer the 
eye of the observer), and that the interferences occurring here are projected 
into the principal focal plane. Nevertheless, the fringes are so strong and 
sharp that the two clearly focused spectra seem to react on eadi other across 
the gap at their edges. I have pointed out amilar phenomena in the pre- 
ceding report (Carnegie Inst. Wash. Pub. 249). The case is just as if a tele- 
scope or lens focused on a sii^le or a Young's double slit (wiUi the images 
sharply delineated) should show fringes. 

In adjusting the interferometer, figure 43, tor these experiments, the fol- 
lowing systematic plan was pursued. By a rough adjustment with sunlight 
and measurement, all parts of the apparatus are first placed symmetrically 
to each other (as in figure). The direct beam should just graze the edge of 
the prism P" and the naked eye, viewing the edge from above, ^lould see the 
two br^t rays of the same color (reflected from M and N) contiguously 
near the edge. In the spectra o£ the same length on the two sides of the 
prism /", the same colors are oppodte each other. On looking down on the 
edge of the prism with a telescope (fine slit), two ^larp and dear ^lectra 
should be seen, which can be made to overlap at their edges in any amount 
by rotating M and AT on a horizontal axis. Finally, the D lines are brought 
into annddence by rotating the grating £7 on a vertical axis. The largest 
fringes are obtained by sfi^tly raising and lowering the inddent beam L to 
the gra^ng position in question. By displacing P on the micrometer, right 
and left, the fringes are soon found. 

The first experiments were made with the object of testing the effect of a 
slant, to the right or left, of the edge of the prism on the range of displace- 
ment y. With a 60° prism at P, the seardi was found to be too difficult and 
therefore soon was given up. The few data obtained were : Edge of P' sym- 
metrical — range, 5'=o.o6i, 0.050, 0.06a cm,; edge of P* toward left — range, 
^^0.63 cm.; showing no certain diSerence. 

P was ther^ore replaced by a ruled grating (Z7=353Xio~* cm.) to obtain 
greater dispersion. The ranges of displacement, y, now found were: edge (tf 
P' tol^, y—o.iao, 0,130 cm.; edge of P' symmetrical, ^=0.138, 0.137 en.; 
edge of i" to right — 7— 0.1 10, 0.113 cm. ; readjusted, 0.130, 0.133 cm. These 
differences are apparently incidental, as mudi depends on the li^t. In a 
darker field fringes vanish sooner. One may assume that slight indinations 
of the edge d the reflecting prism P" are without consecpience. 

The next experiment was to determine the effect of a lack of collinearity 
of the rays b b'. This shows itself to the naked eye looking down up<Hi the 
edge of the prism from above, since by rotating M and N in contrary direc- 
tions around a vertical axis the bright spots of light move along the edge of 
the prism Ennn &ont to rear, or the reverse. If regarded by a telescope, 
the axis of the instrument will be coire^xnidiagly inclined toward the frmt 
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(H* to the rear. The data obtained for the range of displacement were now: 
Inures and telescope toward rear, y^o.J24, 0.140 cm.; 7—0.150,0.143 cm.; 
{mages and telescope toward &ont, ^'-■0.146 cm., y~o,iS4 cm. 

These diflerences are a^ain incidental. Tlie following data were subse- 
quently found: Telescope indined rearward, j"— 0.100, 0.110 cm.; o.i43> 
0.140 cm.; telescope vertical, 3'=o.i5o, 0.150 cm.; o.i6a, 0.151 an.; tde- 
scope inclined forward, 7—0.150, 0.133 cm-! o-i45. 0.163 cm. 

In the first experiment the illumination was insufficient, so that the finer 
fringes escaped detection. Hence, it is here also probable that slight depar- 
ture from odlinearity in the rays b b', normal to the edge of the prism P*, is 
without consequence. Discrepancies are introduced by dianges in the in- 
tenaty d light — conditions which are often hard to ctmtrol. 

As the rai^ <^ displacement is not a quantity which can be accuratdy 
ascertained, the effect of the insertion of a glass-plate compensator, 0.434 cm. 
thick, was detennined, with a similar end in view, for different angles of the 
rays bb' (nearly normal) to the edge oi the prism P". The results were: 
Telescope inclined toward front, 7—0.133, 0.133 ci^-: telescope vertical, 
7*0.133, O.I33, O.I33 cm.; telescope inclined toward the rear, 7—0.130, 
O.I3I cm. These are the differences of the displacement corresp(mding to 
the linear central fringes normal to the sodium lines, obtained in the presence 
and absence of the plate. The path-difference computed above was «— 0.3438 
cm. This is as near 37 as the observations warrant. 

It follows, therefore, even if the observations are in thetr nature not very 
precise, that if the rays b and V meet at sudi small angles as any reasonaUe 
adjustment may introduce, the effect may be disr^arded. Furthermore, 
that the difference between x^^ecosi/t (where e is obtained by moving 
the mirrors M and N parallel to themselves) and 37 (obtained by moving 
P' at right angles to its edge) is to be ascribed to the sliding along or across the 
edge. The rotation of fringes whidi necessarily occurs in displacement into^ 
f erometry by the shifting of the ellipses is augmented or decreased in the 
former case (x) by the equivalent of the sliding in question. The reascm for 
this has clearly been suggested in connection with figure 18, Chapter I, 
and figure 49, Chapter II. 

35. Range of dl^lacement varj^ «1th dispersion. — ^The interesting 
method in Chapter I, % 35, where the opaque mirrors are replaced by two 
identical gratings (halves of the same grating) with the object of obtaining 
succesave orders of disperaon, may be used in connection with figure 43 ctf 
the present chapter. It is therefore the object to find the range c^ displace- 
ment 7 of the prism P' when the fringes pass from the initial transverse 
hair-lines to the final transverse hair-Unes (fig. 45), through the longitudinal 
maximum of dze. The same difficulty inheres in this method as in the above, 
viz, it is not possible to state precisely vHiea. the hair-lines have vanished; 
but the successive orders c^ range of di^lacement are so different that inter- 
pretable results are obtained. The ei^ieriments in the large interferometer 
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proved very trying, however, because the ruled faces of the available grat- 
ings at M and N were but 0.5 inch square. There is thus, without refined 
and special instrumental equipment, considerable difficulty in adjusting the 
rays to this small surface. This was particularly true in the higher orders of 
spectra. 

To obtain sufficient light the resolving grating G was replaced by a 60° 
prism. The disper^ve powers are thus the same as in § 35, Chapter I. The 
work proceeded smoothly in the orders of o (reflection from grating face) 
and I. In the third, the fringes were hard to find and hard to retain, for rea- 
sons which I do not understand. There was abundance of light, except in 
the fourth order, which was abandoned for that reason. The best results 

''°*' Older o.y-0.066 cm. <(*/<&- 760 

1. .230 3,500 

2. .450 6,400 

3. -050 9.900 

Hiough mudi time was spent on this work, the results (excepting the 
first) are doubtless still too low. Snce the path-difference ay corpesp<Hids 
to x^ascos S/a, cateris paribus, and since the data in x, table 12, are essen- 
tially half the total range (rotation but 90°, while it is 180° here), y corre- 
sponds to X. Thus the results in table 13 are larger throughout, but the 
present data make a smoother series even throu^ the third order. 

36. Spectra both reversed and inverted.— This is an interesting combina- 
tion of the two methods of investigation and not very difficult to produce. 
Retainingthe adjustment for inverted spectra as in §30, figure 43, the light 
impinging on the grating G is dispersed, preferably by a direct-vision grating 
(with auiiUary prism). The rulings of both gratings (the prism grating g 
inserted as shown being between the ooUimator at some distance and the 
grating of the interferometer G, figtu« 43) must be parallel. If the grating 
constants are different (i?=i67Xio-* cm. film and D=3S2Xio-* ruled 
grating were employed), the spectra in the telescope are naturally of different 
lengths; for the dispersi(m of the prism grating g is increased on one ade and 
decreased on the other side by the second grating C. Moreover, this decrease 
from the larger dispersion of the first grating g is beyond zero (achromatism) 
into negative values. Hence, the corresponding duplicate spectrum in the 
telescope is a small and a large spectrum reversed, while the inversion re- 
mains intact. In the experiment made, the larger D'j/t distance was some- 
what more than twice the smaller DiPt. 

It is now merely necessary to place any longitudinal axis (line of symmetry) 
of the ^>ectra in contact, or it is but necessary that the spectra are longitud- 
inally parallel and overlap. The phenomentm a, figtu« 50, tiien appears 
at the intersection of the Knes of longitudinal and of transverse sjmimetry. 
It is thus proportionately nearer the smaller D^Dt and farther from the 
larger D'lD't doublets, but always between them. If the AA he within 
the D'iD'i lines, the fringes lie within the DiDt pair. 
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The phenomenon, which should be observed with a powerful tdesoope, 
usually conasts of three small elongated dots, lying mthin an elliptic locus, 
the locus usually having a transverae axis (parallel to the Praunhofer lines) 
about two or three times as Icmg as the longitudinal axis (parallel to lengths 
of spectra). As a rule, the width was DJ)t and the length larger than lyjyt, 
but this ratio may be changed, as above, by screening off the wave-front. 
The fringes are not more than one-half of PiPt apart and are frequently 
horizontal (longitudinal), however the micrometer at Jl/ is shifted. 

The interesting result is here again met, incidentally, that spectra, though 
of different lengths, are nevertheless quite capable of producing strong inters 
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In further experiments with the long collimator and very bright spectra, a 
variety of other forms were obtained, shown at b, c, d, figure 50. In the patterns 
a and b, the elliptic outline, sometimes circular, is always evident from the 
enhanced brightness of the bright &inges of the spot. The arrow-shaped 
form, c, inclosed a bright egg, whereas d was usually sharply semicircular. 
As any adjustment of overlapping spectra suffices, the D lines may be quite 
out of the fidd, or the spectra may be sUghtly separated with the intafer- 
ence spot in the gap. 

The experiment was also made of crossing the spectra at some other angle 
than 0° or 180°. To do this the rulings of the prism grating were placed at 
right angles to those of the interferometer grating, as in Newton's method of 
crossed prisms. Seen in the telescope (adjusted for inverted spectra, as 
above, $ 30) the two spectra now made an elbow with each other, figure 51, 
while the DJDt lines are still parallel and can be put in coincidence. At 
first no interferences could be detected in any adjustment. Later, however, 
on using the large collimator, strong interferences were obtained in the line 
of symmetry of the elbow and normal to the D lines, as shown. They have 
the same characteristics as the preceding and persist during a di^dacement 
of M of about 0.3 cm. 

37. Experiments vifh the concave {rating. — 1£ in the device figure 40, 
Chapter I, the prism P is rotated 90° on an axis parallel to bb', so that the 
rays move upward, the phenomenon of inverted spectra may be realized. 
The fringes are observed with a lens from above or reflected forward. They 
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were found without much difficulty and showed a range of displacement (y) 
of the prism P, right or left, in various adjustments, of at least y=o.^t, 0.61, 
0.67 cm. larger, therefore, than with the forward prism, as was inferred. Of 
course, much depends upon how far the extremely fine fringes at the begin- 
ning and end are pursued. 

This method is not very convenient for the present purposes. In the first 
place, the distance GMPF is given, an unnecessary restriction on the adjust- 
ment, unless the lens T is replaced by a short-distance telescope, which has 
other disadvantages. In the Eecond place, the mirrors M and N can not be 
used for displacement, as they move the Fraunhofer lines of the correspcmd- 
ing spectrum. In fact, M or N affords a method for the adjustment of 
these lines to aunddence. Finally, the amount of overlapping which is 
usually secured is always very partial, and if the edge of the prism P is not 
quite sharp and well silvered, the edges are ragged. Even in the right-and- 
left displacement (y) of P, the spectra are carried bodily with it in front of 
T. Although this is no serious objection, it is an unnecessary complication. 
In spite of the brilliant spectra and large ranges, I did not spend much time 
in developing the method. 

38. CcnclusIcMi. Qeneral methods. — The origin of the phenomenon of 
leversed spectra seems to be the slit of the collimator, the difEraddon of whidl 
furnishes a patch of light, eSectivdy i or 3 mm. in tneadth, out of whidi the 
component rays are to be separated. SpectroscopicaUy the slit furnishes the 
degree of homogeneous light within which the phenomenon may be developed. 

In the case of inverted spectra, the slit is not primarily necessary, for here 
the interferences occur in the direction of (or the Mnges lie normally to) 
the Fraunhofer lines and therefore virtually in homogeneous light. The fringes 
are due to the continuous changes of the obliquity of rays in each separate 
color and thus belong to the phenomenon of a wide slit with homogeneous 
light. The fringes of reversed spectra owe their occurrence to the continuous 
change of the obliquity of rays produced by dispersion and require a spectro- 
scopic sUt. Inthecaseofcombinedinversionandreversion,thelocusof&inges 
is not far from circular, though the major ajds of the ellipse corresponds to 
the inversion. Obliquity and dispersicm are thus about equally effective. 

The patch of light rays of identical origin may now be separated into two 
component rays by a variety of methods. The white pencil may amply be 
cleaved by the edge of a sharp silvered prism, or the pencil may be refracted 
into two beams at a blunt-edged prism, or the separation may be produced 
by the difiraction of a grating, by polarization, etc. 

Two entirely distinct pencils are thus obtained, subject to independent 
control, by which the phenomenon of diffraction may be generalized. In 
other words, in the classical experiments in difiraction, the difiracting system 
is rigid. Take, for instance, the following experiment, which has a close 
bearing on the phenomenon of this paper. In figure 53, Z. is a distant slit or 
a fine Nemst filament, P the principal plane of the objective of a telescope 
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with the principal focus at F, to be observed with the eye-piece. The screen 
s s" with a double slit parallel to the linear source L is placed in &ont of the 
objective. Brilliant interferences are then seen at F, wfaidi are coarser as 
the distance e between the slits ss'is smaller, and if the distance PF is r and 
the distance between hinges is x, the usual equation 

\/e=x/r 
is applicable. Owing to the direct application of this experiment to the above 
investigations, its very fundamental importance in the theory of resolution 
of optical instruments, etc., it seemed worth while to give it eiperimental 
treatment here. The screen 5 i' is amveniently made by cutting parallel 
Hnes with a sharp triangular cutting stylus and a steel T-square, on a black- 
ened gelatine dry plate. A number of such doublets 0.05 to 0.5 cm. apart 
may be ruled at a distance of about 0.5 inch apart. When the parts are as- 
sembled, the fringes may be seen in all focal planes F, and the fringes are in 
fact much more brilliant with the ocular out of focus. The enormously large 
difiraction of eadi single slit is simultaneously visible, and if two doublets 
are close enough together, their systems may be seen superposed. K c is small 
Oess than o.i cm.) the fringes are in fact visible to the naked eye without a 
telescope. With two identical doublets dose together, the fringes may be 
seen to be alternately in step and out, as the ocular ot the telescope moves 
outward, tmtil finally the difiactions of the "rod" between the doublets is 
strikingly manifest. This has also been generalized in the present work. 




In all these classical cases there is a continuous succesacm of pairs of corre- 
spondhig pdnts (one of the pcur in each slit of the doublet) between which 
interferences occur. The line of any two such points is rigidly normal to the 
direction <rf the slits. In the above experiments with spectra, however, the 
two points may not only have any relation to each other, but either point 
may be moved at pleasure. This gives rise to the bewildering variety of 
beautiful phenomena, some of them useful, which I have tried to describe 
in the present and precedii^ reports. 

With the beams of like origin separated, it is next necessary to bring Uiem 
together again. This requires at least one independently controllable reflec- 
tion for each beam. In the interesting group of phenomena obtained with 
crossed rays, two reflections may be desirable, though with a change of appa- 
ratus a single reflection here also suffices. Thereafter the beams may be com- 
pounded in a manner inverse to the one by which they were produced, for 
instance, by the reflection of a alvered obtuse prism, by refraction toward 
the edge of a prism, by a grating, by polarization, etc. To observe the recom- 
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bined ray, the tdescope is always the more nrnvenient instrument, since its 
use is cot restricted to definite distances from the system. 

It has been shown that as a whole the above phenomena correspond very 
closely to the behavior of the ellipses encountered in displacement interferom- 
etry. Thusthecasesof non-reversedspectra,(^invertedspectra,etc.,if wedis- 
re^rd certain exceptional accompaniments for the moment, can be at once so 
classified. The shift of ellipses behind a narrow slit in an opaque screen and ob- 
served in front of it, for instance, would exhibit all the rotational occurrences. 



39. Dlqilacemeiit Interferometry. Equations. — It is thus desirable to ad- 
duce the equations of di^lacement interferometry in a s(»newhat different 
way, but in the main as taken &tnn my earlier reports. In figure 53, <? is a 
thick plate of ^ass on which the blade- 
shaped pendl of white light L from a 
collimator impinges at an angle i. M 
and N are the opaque mirrors of a 
Michelson device. C is a plate grating 
by which the white beam R (feeble 
spectrum) is resolved, P the principal 
plane of the objective of the telescope, 
re the image seen through the ocular. 
The plate disperses the white light L 
into the spectrum rv, as shown in the 
figure, liw direct reflection at i?' is 
not used. For coovenieoce in discus- 
sion the mirnn- N and its component 
ray may be rotated 180° around the 
trace of the grating 6^ as an axis, into 
the podtion N', where IN becomes x-\- 
«'-{-^x', intercepted between normals. If perpendiculars be let fall from 
I ioN or N' and 7' to M, their difference of length is 
(i) W— ar+ar*"* cos »+«' 

AT is an important codrdinate used throuf^iout, below, since it is ind«pen« 
dent (^ color (X and ix). In (i) > is the angle of incidence, R of refractioo 
of the plate of thiclcness 9 and index of refraction 11. 

If we draw the wave-front w, the path-length of the red ray througji glass to 
M, for instance, is eit/cxiaR+p. The path of the ray through air (only) to 
mirrcM- M is 

x+3^+p+s^-$ cos i+e an » tan R+p+i^ 
If an i— M sia J? be introduced, the path-difference thus becomes, after le- 
ductim, 
(9) »iX— aN~ a»ii COG R 



« 




«i-2« (»-oos(^ii)) /cos R 



DioilizedDjGOOgle 



78 THE INTERFEROMETRY OF 

the first equation being more practical. N, therefore, is the differences in 
distances of the extremities /, /' of the nonnal n at the point of impact / 
from the mirrors N and M respectively; x" is the airnjistance apart of the 
two mirrors (after rotaticm). 
To find the change of wave-length per fringe, dh/dn may be deduced. 

(,) ,* ^ 

^" dti JV-«(/icosii+X(ii/i/dX)/coBii) 

Thig equation has a masimum when 



N-N,-t (ticosR + -^ ^^ 
\ cos i? dX/ 



Cs) 

and this is the coordinate N, for centers of ellipses on any given q>ectrum 
lineX. Af-A?, in equation (a) gives 

29 du 

du ~7B 
In general ^-j4+B/X*; '£~~ri~ ^ adequate for experimental wwk. Thus 

if B=4.6Xio"", »— I cm., J?-o, then «,«=88o, or 880 sodium wave-lengths 
are expended in the path-diSerence at the elliptic center. 

If n' fringes pass at a given color X for a displacement M^ of the mirror M 
(7) X-aAW/n' 

If n' fringes lie between two given colors X and X' for the same position N 
of the micrometer mirror M 

/u'cosR' UcxisR\ /i i\ 

w "-"(^4^ — X )-Kx-ij 

or if ff is the diSerential symbol 



The question next of interest is the diange of the angle of altitude of the 
ray per fringes transversely to the spectrum. Light is homogeneous, N there- 
fore constant. Let a be the angle of altitude <rf an oblique ray in the hori- 
zontal plane L, figure 53, impinging at 7. If »' and R' are the corre^wnding 
angles (rf incidence and refraction, then »', », a make up the sides of a spherical 
triangle, right-angled at the angle oppoate %'. Hence 

(9) cos »'-oos »■ cos a, and ft cos R'-y/pp- 1 -|-cos' t cos> a 

With this introduction of R' for R, equation (a) is again applicable, ance 
nothing has been dialled 'm.N.e.fi.'Kor i. Hence 

(10) wX-aJV-atfVM*— 1+ cos* ices' a 
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To determine the change ot altitude per fringe, 



N,^ae((i 



, , da XV'**'— 1+ COS? » cos^a 

(ii) — T-r-. 

an « cos* *sai2a 

and this is a maximum when a— o; i^., in the plane of figure 53. In this 
case equation (3) is reproduced from (10), so that a double maximum occurs 
for a— o and 

(/£cosii+-^^) 
V cosRdK/ 

The other practical datum is the shift of a given fringe per centimeter of 

displacemeat of the mirrors. Here n and 9 are constant while TV, X, ft, R vary, 

80 that 

( 1 —- ' 

""•"oosRdX 

This is a maximum when K=».- = — ■>4#B/X*, or when AT-AT,. In 

cosRdX ' 

other words, there is a minimum displacement relative to wave-length shift 
of fringe at the centers of ellipses. 

Equation (10) is thus inclusive. If i*-o, which is nearly the case, experi- 
mentally, in my work and no restriction on the apparatus, and since a is 
always very small, equations (10), (11), (la), etc., may be simplified. 
Hence approximately (t— o) 

(13) «X-aJV— 3«\//**— a* 

da \ . 

(14) — -"V/£»-a* 



(15) 



dn 

dK 



dn N~e(n+\4fi/dk) 
(.) ^ ' 

^ ' dN n+aeJn/d\ 

where n is the order of the fringe at X for N, e, (t, a. Again, h< - — leulfi/dk. 
Equation (13) admits (^ an interpretation in tenns of the approziniately 
elliptic locus found for constant n. The equation may be written, if |U is 
treated as a mean constant, 

«'(«/fi)' , (x-3Ar/«)' 

•» ^ (aefi/n)* 
Here e {a/fi) and X may be regarded as the coordinates of a curve described on 
the face of tbeplate of glass toward theobserver, sothat theequationisanellipse 
referred to an eccentric axis of ordinates. The axes of this ellipse are ae/i/n 
horisontally and e vertically. Of course, the telescope converges all this to a 
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dngle -wbite image of the slit ; but the grating G reproduces the ^>ectrum and 
enlai^es it, in which case, however, not absolute poation but the directioQ 
of rays is the determining factor. 

40. Continued. Reversed spectra, etc. — The equation underlying the 
greater number of experiments in the work with reversed spectra is of the form 

(17) »X"a«cosV3 

where S is the double angle of incidence at ather opaque mirror and e is the 
effective distance apart of the two mirrors — i.e., the distance between the 
faces when one is rotated 180° about the axis <^ symmetry into parallelism 
with the other. In the present case, therefore, e corresponds to AT in § 39. 
The ai^le S— {^— 0i, where 9t and Si are the angles of redaction of the col- 
lecting and the disperang grating, respectively, so that sin e=\/D if Z? is 
the grating space. If the silvered ri^t-angled reflecting prism ts used for 
alining the separated pencils, 8— 90'— ft. 
From the above equation the change of X per fringe is 

f,8^ ^_ ^* 

^ ' dn e(2COsS/2+\{dS/d\)sm6/a) 

Since }uiS/dk=\/D cos 0=taa 6 

dX X' 

C19) 



dn e(a cos 8/a+sin j/3(tan fl|— tan ft)) 
This is a maximum if e=o, as the quantity in the parenthesis can not vanish 
for very acute angles, such as fl and j must be. 

If « = o, or P,=P,, dKldn~ -\*/ae. 

Similarly, since e is now the micrometer variable or codrdinate, and n 



, , ^_ aX 

^^°' d» " tf(a+tanS/3(tan ft-tan ft)) 

from which the amilar condu^ons may be drawn with regard to the motion 
of a given fringe. There is a maximum for ««o. The equation, it will be 
seen, is quite cumbersome, so that further treatment is inexpedient. Never* 
theless equation (so), if 6 and i are expressed in terms of X, should admit 
of integration, at least approximately. 

The equation «X"a«cos(9o''— fl)/a for reflecting prisms needs special 
treatment, since 90° is not derived from B. The coefficients after reduction 

become 

dX_^ -XVaZ?(ZJ+X) 
^"' dn e(aD+)X 

and 

, , dX aX(D+X) 3 (J?+X)'« _ ,. .. ,, . 

<"* de'li^D^rC^D^^'^'^''^'''^''^- 

In both cases there is a maximimi for e=o. 
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Equation (a a) may be integrated, and if C is an experimental constant, 

There remains the equation for crossed rays or achromatic conditions. 



(34) «-«P/a 

in which there should be no motion of binges throughout the spectrum, but 
for secondary reasons. 

It is now possible to consider the above results on the increase of the range 
of displacement within which inter f erences are viable, with the dispersion o£ 
the grating. In this case the equations in SK/de, viz, Nos. ao, aa, as well as aj 
and 34, may be consulted. Since sin 6^\/D, all of them involve the dis- 
persion i/Z?, where D is the grating space. In the case of No. a4 the range 
of displacement should be indefinite, since the locus of Mnges is stationary in 
the spectrum. It ts found to be exceptionally large, but Umited by special 
difiFraction. Equation (ao) is cumbersome, but otherwise amilar to equation 
(33), which may be treated first. Hie displacement (^ any ^ven fringe in 
wave-length increases with/— i/D, the number of lines per centimeter. If a 
fringe travels between any two wave-lengths X and X' and if £> is large relative 
to X, equation (aj) shows that approximatdy 

A» - *- »* - C-v<?"( V^ — V'X') 
The range of displacement should therefore be roughly propMtional to the 
square rootof the disperdon, and one is not at once at liberty to conclude that 
the tmif(Hmity of wave-trains is enhanced by dispersion. 

In fact, if 17 is not large compared with X, as in the higher orders of dis- 
persion, the full equation must be taken. Unfortunately the data of Chapter 
I, §35, table 1 3. which are the most complete, do not easi ly admit of compu- 
tation in full. I have compared them both with e-c^Vx/CP+X), in which 
the ratios of « observed and computed run up with D, regularly, from i to 7 ; 
and with 3de/dX-C(3Z>-|-X)/CD-|-X)*-'*, in which the regular change of ratios 
tar the same D (as D decreases) is again from i to 7. In other words, the 
observed values of « varying with D decrease enoimously faster than coeffi- 
cients of this type, as th^ should. In view of the equation 

e-ttVK/iD+X) 
it follows that 

d»_3^ / X 

dD' a 'V(D4.x)» 
and the comparison of the e observed in table ta with this coefficient is there- 
fore crucial. 
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To detennliie D frcm table 12 we have D—V/ti—i/ioos $^-d$,JdK), 
where n is the order of the qiectnim and dB^/dK its dispersive power, like K 
is given in the taUe. In this way the data of table 15 were obtained. 

Tablb 15. — RatiooftheianKeofdisfdacemeiiteobservediii table 13 and 
ife/dD, computed. 



Onto. 


DXiC 


icrf obAciVeo* 




Ratio 


WP+x)* 




3 
3 

4 


335 

143 


38 
300 
420 

580 




3.5 
3.1 
2.3 
2.3 

3.2 



In view cS. the character of the results for e, the ratio t/'\/\/{D-i-\)*, where 
is the observed range of displacement, may be conadered constant. The 
emnmous variaticm of the range e with the di^>ersive power, as observed, must 
therefore be regarded as in keeping with tbe theory of the phenomenon, 
although the computation is not direct, llie latter would require an int^ra- 
tion of equation (33) iriiich may be written 



■■U" 



2ZJ+X 



dX 



but the simpler comparison given was regarded adequate. 

Data bearing on equation (30} are given in table 11 and may after redno* 
tion be written as in table 16 (fl»=i9'' 30', Z?»- 177X10"*). 
Table 16. 



Raiig«« 
obaerved. 


«i 


UXio' 


S 


taa«/2X 
(tan 0,-tan «,} 


0.33 
■53 


9" 39' 


1,320 
35a 


9 51 


-S 



The value of the term in the last column is thus small in comparison with 
9 and may be neglected, as a first appnnimation. Hence rou^y 

* -ex— MX/a 
and the range of displacement should be nearly independent of the dispersion. 
As it is not, some corresponding principle must here be active, and this has 
already been found in the shift of one illuminated strip on the collecting grating 
relative to the other, when either of the opaque mirrors is displaced. 

For the same reason the effect produced by making 2— o, as in $34, is not 
mari^, so far as equation (20) is concerned. If S=o rigorously, the original 
ex p eriment with but a angle grating did in fact show large ranges of displace* 
ment, in view of the absence of sUding. 

We thus return to the special diffraction already mentioned in S38. When 
two spectra from the same source coincide, horizontally and vertically, 
throu^out their extent, they will interfere at every point. The interference 
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will be viable within a certain range of path-difierence. If one spectrum 
shrinks longitudinally on the other, the strip carrying fringes rapidly dimin- 
ishes in breadth; but interference is still marked near the transverse line of 
coincident wave-lengths. If oas spectrum is reversed with reference to the 
other on a transverse axis, the interferences are reduced to a single nearly 
linear strip ocunddent with the line of symmetry. The width of this strip 
is independent of the dispersion of the system. It depends oa the breadth of 
colored r^on which contributes rays to the strip in question. Hence, if, 
beginning with both ends of the spectrum, rays are cut off except those very 
near the line <tf symmetry, the linear phenomencm rapidly increases in aze 
until all light is extinguished. This is what one would expect from the 
theory <A the diffraction of wave-fronts broad or slender, with the generaliza- 
tion as to the rotation <A fringes to which I have already referred. 

The association of the two diffractions is well illustrated by the experiments 
with inverted spectra. Here the edge of the reflecting prism is horizontal 
and normal to the interfering beams. When this edge is moved normal to 
itself, path-difference tmly is introduced. To compensate a plate 0.434 cm. 
thick the motion should be about 0.343 c"- '^^ displacement found was 
ay>=o.a4j cm., the difference being referable to insufficiently accurate dis- 
persive constants. When either of the opaque mirrors moves, the correspond- 
ing beam slides along the edge of the prism and the displacement 3^—0.370 
cm. of mirror was found, corresponding to the path-difference « = ae cos i/a = 
0.383 cm. About 14 per cent more path-difference is thus needed with sliding 
(x) than without (sy). 

If now the reflecting piism is turned 90", so that the edge is vertical, the 
corresponding beams slide normally to or &om the edge of the prism when 
the opaque mirrors are moved. The corresptmding data were then found to 
be 9>'>:o.a5o cm., XBo.335 cm. Here about 6 per cent less path-difference 
is needed with sliding (x) than without (sy). The smaller effect in the latter 
case is to be expected, since the two corresponding rays slide toward eadi 
other in the same plane and can not pass through each other. In the former 
case they pass in marked degree across or through each other and must there- 
fore essentially contribute to the rotation of fringes. But the agn of the 
effect is precisely the opposite to what one would e^qiect. Investigations sudi 
as these and the corresponding questim of the width of strip carrying inter* 
ference fringes in case of crossed rays call for apparatus with better optical 
plate, or for more rigorous instrumental adjustment than I have been able 
to utilize in the present papers. It is best, therefore, to waive them for the 
present, however interesting the theoretical results with which they are 



Digitized DyGOOgle 



CHAPTER III. 



ELOIIGATIOIT OF UBTAIXIC TUBBS BT PSESSUBE AUD THE HEASUREUEITT 
OP THE BULK HODULUS BT DISPLACEMENT IHTESFEROHEtRT. 

41. General method and apparatus. — About 35 years ago* I obtained satis- 
factory results in liie measurement of pressures of the order of i ,000 atmos- 
pheres by the expansion of steel tubes of suitable thickness. The tube in 
this case was inclosed in a snugly fitting glass tube filled with water and the 
volume expan^cm measured by an attached capillary tube, the system b^g 
submerged in water to obviate thermal discrepancies. The whole subject has 
since been transformed by the famous experiments of Prof. P. W. Bridgman, 
and I merely touch it here with the purpose of testing the optic apparatus 
involved and with a view to the experiment explained in the final paragraph 
of this paper. In the present experiments I shall attempt to measure the 
increase of length of a sted tube due to internal pressure, by the displacement 
interferometer. The experiments will lead to an independent method for the 
measurement of the bulk modulus (Tait) and to a procedure for studying the 
thermodynamics of the adiabatic expansion of hquids. 




Tlie interferometer used was of the linear type (fig, 54). Here L is a weak 
lens, about 3 meters in focal distance and 1 a cm. in diameter, concentrating 
a beam of sunlight on the slit 5. c is the objective of the collimator, beii^ 
a spectacle lens of about i meter focal distance. It is particularly advanta- 
geous to have rays of sUgbt obliqxiity here if a brilliant and wide E^jectnmi ia 
to be seen in the telescope at T. H is the half-silvered plate of the inter- 
ferometer, N and M (on a micrometer) are the opaque mirrors, each about a 
meters from H. The rays readung the telescope T would therefore show 
two white slit images from N and from M, which are to be placed in coin- 
cidence both horizontally and vertically by the adjustment-screws on M and 

• Phil. Mag. (5), XXX, p. 338, 1890; BuU. U. S. Geol. Sur., No. 96, 1802; cf. Am. Acad. 
Arts and Sciences, xxv, p. 93, 1S90; for effect of pressure on electrical conductivity of 
liquids, see Am. Journal, xl, p. 219, 1890, and on the mercury pressure-g^e. Am. Journal, 
p. 96, XL7, 1B93. 
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N. To bring out the intoierences, a direct-viaon prism grating g is placed 
in front of the objective of T, whereupon, when the path-difference HM, HN 
is amnilled, magnificent elKpses may be seen in the bright spectrum in the 
fidd of the telescope. 

The steel or other tube whose elongation under pressure is to be measured 
is shown diagrammatically at ( f. The end f, moreover, is closed by a tinned- 
steel plug-screw, while ( communicates, by aid of a thick-walled >^-inch tube 
p of small bore, with the screw-compressor P described in my eariier papers 
(/. c). It is here that the thidc hydrocarbon oil is forced into the tube t tf 
and the pressure measured by a Bourdon pressure^iage G, reading in steps 
of 10 atmospheres to i,ooo atmospheres. 

llie parts of the interfercaneter are attadied directly ot indirectly to a 
brick pier in the laboratory. M is separately so attached; so is also the end 
t of the steel tube by the bra4:^et at B, this bang fixed rigidly. The other 
end, f', whidi must be free to expand, is to be supported on knife-edges or 
rollers of a vertical pendulum harder y, the supports of which are in turn 
rigidly fixed to the pier. This will presently be further described. It was 
found that long vertical wires, supporting intermediate parts (tf the tube, 
were desirable and quite as good as more complicated arrangements. 

With the tube t ( thus fixed except as to linear ei^xuaon toward the 
right, the mirror U is clamped by a horizontal lateral arm at the end f', and 
the half-silvered plate /f by a similar arm on the other side, at the end /. 
Thus the length WN varies with the pressure and the increment is compen- 
sated at M by bringing the center of ellipses back to the H lines in the field 
lA the telescope. Accessories like water-jackets, etc., are left out of the fig- 
ure for clearness and will not be used in these experiments. 

To obviate friction, the end i of the tube ( ^ was suspended frtnn a rec- 
tangular yoke or pendulum consisting of two vertical rods y and y', figure 
55, and horizontal smooth round brass cross-rods r and r*. The latter roll on 
the round horizontal rods a and h suitably anchored at the same level in the 
pier. The rod r' supported the free end t' of the pressure tube. 

To counteract vibrations the rod y carries a bell-shaped damper, d, below, 
submerged in oil in the cup c. The middle of the tube i is amilarly damped 
at its center by a bell-shaped damper in oil (not shown), against lateral and 
vertical vibrations. 

42. Remarks on the displacement interferometer. — ^As a rule the ellipses are 
not seen at their best in the principal focus. The ocular must be drawn out 
somewhat to focus them sharply; but usually the sodium lines are still visible 
for guidance. No doubt this is due to the fact that ordinary glass plate was 
emptoyed at M, N, and H, figure 54, or that H was not optically plane parallel. 
Moreover, as Af is displaced, the focus of fringes changes; but as the centers 
of ellipses are used in measurement this is no particular disadvantage. 

A few trials were made with lens conspensators, but the available combi- 
nations reduced the ellipses to horizontal sharp spindles or lines, without 
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pasdng into the hyperbolic patterns. However, a pair of plates of about the 
same thickness (0.7 cm.), but respectivdy of crown and flint glass, when in- 
serted in the M and N beams, gave good hyperbolas.* It was interesting 
to notice that in the principal focus the 
fringe pattern was nearly circular or d ^6 
roundish elliptic, but the elUpses were not « yf 
strong. On drawing the ocular out, these 
ellipses underwent continuous deforma- 
tion, passing through hoiizoatal bands 
finally into sharp and strong hyperbolic ifr-gv, 
tonas. The ftinges obtained with the '-2-' ^5 
differently disperang plates must therefore be referred to space lod in which, 
on pas^g along the axis, an elliptic cone becomes linear at the apex and 
symmetrically hypierbolic beyond. Thus in figure 56 the sections of the cone 
at a, b, c show fringes of the form d, e, /. 

43. Observations. Thick steel tube. — ^The seamless steel tube in my pos- 
session had the followii^ dimensions: Length between mirrors, 160.8 cm.; 
diameter inside, 0.515 cm.; diameter outside, 1.978 cm. Hence the inade 
cross-section is 0.908 square cm. and the cross-section of steel 1.075 s<l- cm. 
Such a tube is therefore rather adapted for measuring very high pressures, 
whereas the followii^ wcvk will not go beyond 1,000 atmospheres; but it 
was admitted for trial. If the case is treated as simple traction with Young's 
modulus taken as 3.14X10", the elongation should be about 14X10'* 
cm. per atmosphere, equivalent to a little less than half an interference 
ling. But this is obviously too large, as the tube expands in all directions 
by internal pressure. The case has been treated by Tait and will presentiy 
be referred to. 

The experiments made proceetkd with tinexpected smoothness from the 
outset, barring the tremors of the laboratory, which made it difficult to set 
the ellipses. Comparing the steel gage with a standard Bourdon gage read- 
ing in steps of 10 atmospheres to 1,000 atmosi^ieres, the first six series of 
experiments showed an dongation AZ, of tube per atmosphere of 
io*AL>>7.s, 8.0, 7.0, 8.0, 7.0, 7.5 cm. 
In the last series the individual results were: 

Pressure 100 900 300 400 500 500 400 300 900 looatmotph. 

Micrometer &t 93 87 79 71 65 65 73 81 89 96 cm./io* 

Itftii— 7.4X10"* cm. icftiL- 7.7X10"* cm. 

The data for decreasing pressures do not return into the preceding values 
for tncieasing pressures ioi incidental reasons whidi need not be discussed, 
but the mean rates are not very different. The discrepancies are probably 
in the setting of the Bourdon gage. They are not due to temperature hexe, 

* later experimeats showed that the flint plate was slightly curved. 
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even though the tube was not jacketed with water. The data, as was to be 
expected, ^ow an expansion less than was computed for the case of traction, 
being only about half as large, or equivalent to about a quarter oi an inter- 
ference ling per atmosphere. An arc lamp was used as a source of light and 
its flickering was very annexing. 
Tait* in the Chalienger repents justifies the expression 

dx Oi* — Ob* 3* 

where <^/dx is the elcmgaticm due to the internal pressure 11, in case of a 
tube of sectional diameters oo and ai and bulk modulus k. This merdy re- 
places Young's modulus by the linear equivalent of the bulk modulus. Hence 
for the tube of length x»i6o.8 cm. and asBo.515 cm., Oiai.ayS cm., if for 
tool steel k~ 1.84X 10* and pressure is given in atmospheres (10* dynes/cm.*) 
the eloi^tion per atmosphere is 

160.8X0.a65 , ^ , 

This is smaller than'the value found, probably because the tube is made of 
mild stetH. If A be computed for the tube, since the elongation per atmoqdiere 
is 7.5X10'' 

160.8X0.365 



J.368X3X7-SX10"* 



•i3.9Xio» 



which is about the mder of value pven by Everett^ for wrot^ht iron. Vdgt 
gives 1.46X10^ for steel (see I.andolt and Boemstein's Tables, 1905, p. 45). 

44. Further eiqieriments. — ^The washer of the screw o£ the compressor, in 
the d^ult of marine glue, was a perforated disk of pitdi. This proved to 
be quite inadmissible for further work. The behavior of pitch was very 
peculiar and in itself interesting. The perforated disk was found to adhere 
without slip to the screw at the inner edge r, figure 57, and 
to the wall of the stuffing-box at its outer edge R. On 
turning the screw a smaller coaxial disk / of pitch broke 
out of the larger disk, and the turning proceeded on this 
surface, r", without leakage. It was found nearly impos- 
rible to force the screw with the adhering pitch into the 57 
sodcet without serious injury to the screw. The sharp 
edges of the threads were in fact planed off flat and it was only by leaving 
fore-and-aft room for play in the stuffing-box that the compressor could be 
used at all. The part of the screw turning in pitch was ruined. 

• Tait: ChAllenger Reports, n, 1883, App. A. p. 36. 

t See Everett tables, 1879, p. 53, ccmtaimag original eiperiments of th« author. 
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Tbe pitdi washer was therefore removed and re|daced by one of (s/IoBf 
slightly hardened with a little resin or wax, the two bong melted together. 
This functdoned perfectly within 1,000 atmospheres and was easily inserted 
in parts which could then be nudded into a disk within the stuffing-box on 
forcing the gland into it. 

The measurements given in table 17 were made in steps of 100 atmos- 
pheres. AZ, denotes the ekn^ation per atmosphere. 
Tablb 17. 



Series. 


Pressure range. 


(pressure 
increasing). 


(pressure 
decreasing). 


I 

9 
10 


lootosooatm. 
100 800 


8.3 cm. 
9.a 
7-9 
7-q 


6.500. 

6.3 
7.1 



An example of the individual results may be given in case of series 9 : 



Presmire i 

Micrometer leading i . 



I 300 300 400 500 600 700 700 600 500 400 300 300 looatm. 
[ 94 8.6 7.9 7.0 6.3 5.5 5.4 6.3 7.0 7.7 8.5 9.1 9.8cm./io" 



The eloi^tion here is always greater when presstires increase, although 
time is allowed for dissipation of temperature, than when they decrease. 
Four reasons may be assigned for this result: (i) the temperature increase 
on increasing pressure and vice versa; (3) permanent set imparted to the 
tube; (3) elastic warping of the tube owing to the end-thrust of internal 
pressures and consequent disadjustment of the interferometer; (4) vis- 
cosity of steel. Probably all of these discrepancies are present. That there 
was set I infer from the gradual displacement of the reading of the inteifer- 
(Hneter for 100 atmospheres at the beginning and end of a series, though this 
may be due to new adjustments. The incidental displacements are particu- 
larly shown in the values of AL when pressure increases and are specially 
marked in series 7 and 8. They are also apparent in the change of form of 
the ellipses. As simlight was used in the above woik the annoyances of a 
flickering arc do not occur. The ellipses were not centered. 

To obtain some notion of the relation of these discrepancies we may pro- 
ceed as follows : The difference between the elongation per atmosphere dur- 
ing the phases of increasing and decreasing pressures in the four series 
given is, respectively, 1.8, 3.1, 1.7, 0.8 cm./io*. or lSXio** cm, per at- 
mosphere of compression. For a tube-length of 160.8 cm- and a coefficient 
of expansion laXio"* this is equivalent to a rise of temperature 9.3X10"*, or, 
roughly, io"*°C. per atmosphere of compression. 

Supposing the compresability of the oil to be (fo= 100X10"* per atmos- 
phere per cubic centimeter and the mean pressure p = 500 atmospheres, the 
work done is pdv or 

SooXio'XiooXio'*— SXio* ergs per atmosphere per cubic centimeter at 
500 atmospheres 
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Since the preceding datum corresponds to both increasing and decreaang 
pressures, the work done must be reckoned per a atmospheres or it will be 
iqI ei^. Taking the specific heat of oil as 0.5 and the mechanical equivalent 
as 49X10*, the rise of temperature of the oil should be 

10* 
— 3 — -—-5Xio'*°C., nearly 
0.5X42X10' 

Hence the readual temperature discrepancy found, 0.001 C, would be but 
one-fifth of the full temperature discrepancy to be anticipated — ».c., four- 
fifths of the heat would have dissipated by conduction, etc., during the wait- 
ing between successive compressions. 

The residual temperature is thus adequate to account for the full discrep- 
ancy, and if a tube of this kind is to be used as a pressuie-gf^e, the tube should 
be made of "invar" or other metal without thennal ei^ianaon. Trae, a 
water-jaclKt surrounding the tube would improve the apparatus, but the 
thennal increments in question are so small that ihe device would not be 
trustworthy. If, however, a temperature discrepancy is shown by the optic 
gage it should also be shown by the more sensitive Bourdon ptgfi, which is 
not the case. Thus a residual effect of temperature is improbable. The 
optical difficulties are slight and could be overcome by suspending the yoke, 
which in figure 55 rolls loosely on the cylinder a, b, 1', from steel pivots bearing 
on jeweled cups. Elastic and particularly slow viscous yieldings to persistent 
pressure are thus the probable reason for the errors. This also accounts for 
the displacement of the fidudat reading. 

Two further experiments were now made in which the ellipses were centered 
before each observation (table 18). In the second set (series la) the tube 
was attached to the yoke and the latter to the hangers by soft adhesive wax, 
applied in the molten state. This proved quite adequate. 

Table 18. 



Series. 


Range. 


(pressure 
incmsiiig). 


(pressure 
dtcnasmg). 


12 


lootofiooatm. 
100 600 


7.2 
7.7 


7-2 
7.7 



The zeros were regained and the results were marked improvement on the 
preceding series. The same mean elongation is found for increaang and de- 
creaang pressure; but the values are not identical in the two series. The 
following data give ihe details of series 1 1 : 
Pressure 100 aoo 300 400 500 600 500 400 300 300 100 atm. 



M 



50 43 34 



15 31 38 36 43 5ocm./io* 



A few units in the cm./io* place are thus uncert^n. The graph is shown 
in figure 58. 
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45. Brass tube. — A somewhat thinner seamless tube of soft brass was next 
tested within 600 atmospheres. The dimensioiis were: length, 161 cm.; 
diameter within, 0.485 cm.; diameter outade, 0.960 an. Hence 

^ 161X0.335 _ 18.36 



(0.9316— o.a352)3AL 

The ellipses were centered througjiout and the yoke was given additi(mal 
stability by soft adhesive wax, as above. The tube showed extraordinary 
variability, but during the trials under increasii^ and decreaang pressure 
and in the lapse of time the viscous changes somewhat subsided, as will be 
seen from table 19. 

Table 19. 



Serio. 


Range of 
pressure*. 


(pressure 
increasiitg). 


lofci 
(pressure 


2 
3 

4 


lootosooatm. 
100 500 

100 600 


13.6 cm. 

13.5 

13-7 


!ir- 


13.6 


16.7 







Disregarding the first series, which was prdiminary, the remaining data 
are consistent. Hence k from the mean io^AL-i5.3 is relative to atmos- 
pheres 



*-io»- 



--i.aiXio* 



Voigt's value for brass is but 0.61 X 10*, i.«-. but half this. Throughout these 
experiments the reading for 100 atmospheres wandered continually, creeping 
over7Xio"*cm. during the time interval of the experinients. The following 
individual data show this for the fourth series : 

Pressure 100 300 300 40O 500 tioo 600 500 400 300 200 100 atm. 

Micrometer reading 330 301 390 374 363 350 353 370 390 305 331 336 cm./io* 

One would naturally refer this to the viscosity of the brass tube, but, curiously 
enough, the march is a contraction. Apparently the tube continually con- 
tracts in the lapse of time under internal pressure. The contraction occurs, 
however, for the case of a tube which was not r^orously straight. 

Optically, apart from the tremor of the laboratory, one would have no 
fault to find with the measurements, allowing a micrometer accural of a 
few 10-* cm. Interference rings could easily have been utilized, but this 
would have required two observers. 

Two more series of experiments were made with the brass tube (table 30), 
in one (5) of which it was supported only at the ends with its oris^nal curva- 
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ture convex upward; in the axth series the tube was additionaHy supported 
in the middle tm a large pendulum-liln wire or hanger. 



Series. 


Range of 


(pressure 
increaaing). 


lo'AL 

(pressure 

decKBsiiig). 


6 (suppcnrted).. 


iooto6ooatm. 
100 500 


13^6 


15.2 cm. 
I5.a 



The individual results are shown in figures 59 and 60. It will be noticed 
that an error was introduced when pressures passed from the increasing to 
the decreasing phase at the highest pressure, and this was particularly the 
case when a slight leak develc^ied. If the highest pressure is omitted, io*AL 
= 14.7, both for increadng and decreasing pressures in the case of the sus- 
pended tube. Hence £ — 1.350X10*, not differing essentially frcHn the above. 
The unsupported tube is h^hly subject to viscosity. 



100 m 



m Boe eoodlm.. 




The large effect resulting from viscoaty is also shown in the initial and 
final readings (100 atmospheres) in figures 59 and 60. It is in both cases 
again an apparent contraction and is present even in the supported tube. 
The viscous effect in the lapse of time is directly given in the following inde- 
pendent measurements of apparent contraction. The tube was Irept charged 
with an internal pressure of 100 atmospheres. 



It is difficult to understand, however, how anything of the nature of vis- 
cous loi^tudinal contraction can occur under intenial pressure. One might 
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suppose that the cylindrical tube as a whole is gradually progresai^ toward 
ao ultimate spherical form, but this seems far-fetched. It is more reasonable 
to suppose that the viscosity is simply flerural. The tube is curved slightly 
ccmvex upward and therefore the end mirrors N and H, figure 54, rotate con- 
tinually towards each other on a horizontal axis, under the end-thrusts of the 
internal pressure. Tlie ounponent beams and HNH and HMH are thereby 
each modified in length. Though it is difficult to specify why the former 
should be shortened relative to the latter, such a result is easily concaved. 

46. Tbio steel tube. — ^The steel tube in {{43 and 44 was adapted for high 
pressures only, showing but o.a interference ring per atmosphere. In con- 
trast with this a thin steel tube was now inserted, adapted for lower pressures. 
This was more sensitive than the Bourdon gage, the other tube being on the 
whole less so. The dimensions were: length, L^i6i cm.; diameter inside, 
o«=o.799 cm.; diameter outside, aiBO.951 cm. The outside diameter was 
calipered. A short length was then cut <M and slit opea and the wall thick- 
ness similarly found (0.076 cm.). The tube was not quite straight. Snugly 
fitting brass plugs were carefully soldered into the ends, and these were then 
tapped to receive the tubes conveying pressure. 

The observations shown in table ai were recorded, the steps of pressure 
being 50 atmospheres in the first two and 100 atmospheres in the last two 



Series. 


Pressure range. 


increasiiig). 


(pressure 


a 
3 
4 


SOtoaooatm. 

50 300 
100 400 
100 400 


Sg cm. 
95-3 
97-3 
95» 


loo.i cm. 
95-5 

100.7 



At 400 atmospheres the tube developed a slight leak at the ends. At 750 
atmospheres one of the soldered end-plugs was blown out. It is remarkable 
that the plugs held so well. 

An example of the individual data may be given for the second series. In 
figure 61 these data are shown, positively. 

Pressure 50 100 150 aoo 350 300 300 250 '00 150 100 soatm. 

Micrometer reading afo aio 164 115 67 33 34 67 lao 163 aia a66 cm./io' 

Very little viscosity is, therefore, in evidence, but there is some displace- 
ment or irregularity, probably in the reading of the Bourdon gage. 

Pressure increments and decrements slightly rotated the mirrors in opposite 
directions around both a vertical and a horizontal axis. These were compen- 
sated by adjustment at the mirror M before each reading. As the mirrors 
inclined towards each other for pressure increments the tube must have been 
slightly convex upward, and therefore successively straightened a 
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increased. The mean elongation per atmosphere is io*&L=9J cm. and the 
bulk modulus may be computed as 

. Oo* L 0.6384X161 



(^—a*o 3AZ- (0.9044— o.6384)X3X97 X 



^ = io«Xi.33 



In spite at the large difference of dimensions, this datum is of the same order 
of value as the above (ib— 1.39X10') for 1^ thick tube, particularly as the 
present AL, from the occurrence of flexure, is probably slightly large. 

A tube of this kind with well-sealed ends (brazed probably), quite straight, 
and supported at different points of its length by wire pendula, should make 
a good pressure-gage within at least 1,000 atmospheres. An individual read- 
ing about IO-* cm. per atmosphere or over 3 interference rings would be uni- 
formly available throughout. 

47. Conclusion. Thennodynanilc an)lication.-~The data given show that 
an independent method of measuring the bulk modulus of metals is quite 
within the province of the displacement interferometer. The annoyances 
encountered, resulting from the viscoaty (rf the metal or from warping, may 
be considered eliminated in the mean of the pressure-increaat^ and pressure- 
decreasing phase of the experiment. The tubes should be supported at vari- 
ous points along their length. Even the temperature discrepancy, if sufficient 
time is allowed between the successive steps of pressure, seems not to be of 
serious effect on the mean data. 

For the measurement of pressure, how- I - ^l 

ever, the device is promising. In such a I* Sp ^ | 

case the tube section should be chosen to 
correspond with the pressures to be meas- 
ured. Within 1,000 atmospheres a steel 

tube about i cm. in diameter, with walls > — — 

about 0.7s mm. thick, gave fair results, ^ 

showing the evanescence of about 3 inter- 
ference rii^ per atmosphere. Such a tube must be rigorously straight, well 
supported, and if possible of non-expanding (temperature) steel. 

It is interesting to consider the case of the adiabatic expan^cm of liquids 
in relation to such a gage. The available thennodynanuc equation is 
a9 

where L$ is the temperature increment corresponding to the adiabatic com- 
pression A^ at the temperature 9, in case of a liquid whose coefficient of ex- 
panaon is a, density f), and specific heat C^., J is the mechanical equivalent 
c& heat. In an apparatus like figure 63, in which P is the screw compressor 
(with tinned or waxed screw 5) filled with the liquid in question, G the Bour- 
don gage, pressures may be suddenly applied without leakage by turning the 
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screv 5. These are also measurable at the interferometer g^e g, H bong 
the half-alvered and N an opaque mirror, as in figure 54. The subsidence 
of pressure due to cooling adiabatic campression is, however, also measui^ 
able at £ in terms of the delaying pressure. For we should have (v denoting 
volume, k the bulk modulus) 

Ar , , Lv hp 
— aoiff; "v 

V V k 



ka 

cooling A9, after adiabatic compres^on. Hence the original equation takes 
the form 

an equation for measuring the specific heat of constant pressure of the liquid 

2p+Ap 
at temperature 6 and pressure . The observations thus consist in 

measuring Sp (in displacement) and Sp in interference rings, both at the 
gageg. 

One may estimate the value of Sp per atmosphere of Ap.toc alcohol, by 
way of illustistion. Here in c.g.s. imits, 

A= 1.21 Xio"; a- i.i X lo"*; S-ao"; p-0.79; C,-o.s8 
Hence 

i.3iXio"X(i.iXio-')'XaQXi(^ _^ ^^^, dynes 
^" 4aXiO»Xo.79Xo.58 '^^'^' " cm.» 

or 

8^"o^i5 atm. per atm. of Ap 

Hence, if ^B>aoo atmospheres, the above gagfi would show about 10 rings 
for ip. Similariy a pressure dropping adiabatically firom i ,000 atmospheres 
would show about 50 rings, residually, after closing. 

The present research was planned to be pursued at much greater lei^th; 
but owing to the anni^ances of a quivering pier, which are particularly 
marlred during the term weeks, and to the injury of the screw before the tal- 
low washer was inserted, it was thought wise to discontinue it at present. 
If the micrometer is to be set to lo^^ cm., the ellipses must be reasonably 
quiet, and in case c^ long-distance interferometry such a condition can' be 
reali2ed only during the summer months. 
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KEFKACnVTIT DBTEKHinED IKItESFECTIVB OF FOBH E7 DISFLACEHEIfT 
IHTBBPBROMBTRT. 

48. IntTDductory. — Some time ago* I made a number o£ experiments on 
the ose of curvilinear compensators in connection with the displacement 
interferometer. It is obvious that the curvature in such a case must be verjr 
small, so that di^le lenses for the purpose are not easily obtained. The use 
of a doublet of two lenses of the same glass, but re^>ectivdy convex and con- 
cave, meets the case f airiy well, the necessary refracting power beii^ received 
by spadng the doublet. Lenses ctf about i diopter eadi gave the best re- 
sults, bm^ing out fringes of quasi-elliptic and hyperbolic symmetry in great 
variety. 

Later it appeared as if plates of different varieties of glass, as for instance 
crown and flint, if placed in the two component beams MH, NH, figure 54, 
would produce the same phenomena. The flint plate used, however, proved 
to be inadequately plane, so that the result is in doubt. 

More recently I have endeavored to secure amilar results by submerging 
the lens (convtac or concave) in a liquid cA about the same index of refraction. 
This method would seem to be interestii^ in other respects, for it is probable 
that the index of the Bd&A may be determined in this way irrespective of 
fonn.t If, for instance, the liquid and the solid have the same index, one 
would be tempted to infer that the latter may be removed or inserted with- 
out displacing the center of ellipses at the particular wave-length imder con- 
sideration. The index of the liquid in place is then determinable by the 
interferometer to a few units in the fourth place. 

If e x pe rim ents of the present kind are to be accurate, it is obvious that 
the walls and cavity of the trough in whidi the lenses are to be submerged 
must be optically plane parallel; otherwise some compensating adjustment 
must be made at the opaque mirrors of the interferometer, and for this no 
adequate allowance is at hand. It did not, however, seem worth while to 
provide expensive apparatus before the method had been worked out in de- 
tail. Accordingly the present experiments were conducted with troughs of 
ordinary plate-glass put together by myself, and little attention will be given 
to abstdute values of index of refraction, as sudi. 

49. PreUmlnafy eiqieriinents. — ^The first experiments were made on a large 
linear interferometer (see fig. 54) with distances of neariy a meters between 

• Carnegie Inst. Wash. Pub. No. 349, 1916, <diapt«r IZ;^. Amer. Joura. Science, XL> 

t Mr. R. W. ^eshire (Phil. Mag., xxxn. 1916, pp. 409-^430) hu recently used Tdjder'i 
method for the same purpoM with mariccd success. 
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the tnuTors. The rays in sudi a case are all very nearly parallel. Sunlight, 
arc l^ht, and the Nemst filament were each available for illtinrination. If 
the latter is used, the adjustment must be made by aid of the two white slit 
im^es, which are to cdndde horizoDtally and vertically. Otherwise the 
scxlium lines are available. With a very long collimator (a meters) and a 
wide angle-lens objective (lo an. or more), the Nemst filament may be iised 
directly in place of the slit. If the beam passing the objective is not wider 
than I cm. (opaque slotted screen), very perfect ellipses may be obtained. 
On inserting the trough with athidcness ot 1.3 cm. of CSt solution normaUy 
into the MH beam, the ordinal very large eUipses were reduced in size and 
rounded as usual to smaller drdes. Submergii^ a convex lens (i diopter) 
into the liquid until the beam passed symmetrically through it changed 
these circles to very long horizontal spindles. A concave lens similarly pro- 
duced horizontally very eccentric hyperbds. With water in the trough, only 
the convex lens showed observable fringes, these being very long, practically 
linear horiztmtal spindles. All these binges lie considerably in &ont <^ the 
principal focal plane of the teleso^ (fig. 54, T), and the abnormal fonns are 
necessarily relatively faint. Th^ change in shape and intensity with the 
focal plane observed. 




On mixing CSi with kerosene (about equal parts), types (£ fringes shown 
in figure 63, but with many mcoe lines, were obt^uned. This is a combina- 
tion of both ^nndles and hyperbole. ProbaUy three layers of liquid are 
chiefly in question, viz, kerosene, ketx)6ene + CSt. CSt, and the three stages 
of form and the sinuous lines correspond to them. Fringes were sharp cmly if 
viewed in front of the principal focal plane of the telescope. By submet^png 
convex or ccmcave lenses, the hyperbdic parts or the spindles of the fringes 
could often be removed. Similar results were obtained with mixture of CSi 
and sweet oil, thou^ this sohition is more homogeneous. 

50. An>aratus. — To obviate the tremor erf apparatus which is inevitable in 
the case of the long-distance interferometer, the parts were now screwed 
down at short distances in the cast-iron blodc B, figure 64. Here the ranges 
MH, HN of half-silvered plate H, and opaque mirrors M, N, did not exceed 
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14 cm., but this gives ample room for the manipulation of the trough t placed 
DOnnally in the beam MH. White Ug^t enters by way of the collimator SC 
at any convenient angle (as this does not enter into the equations), and 
$^60" was used. The opaque miirois M (and preferably also N) are on 
micrometeis with screws normal to their faces, and each must be provided 
with adjusting-screws relatively to horizontal and vertical axes. An elastic fine 
adjustment is desirable. The block contains a number of screw-sockets, 6, 
for attaching subsidiary apparatus. The trough f should preferably be at- 
tached to an independent suppcnting arm, not connected with B, and be 
revolvable about two axes normal to each other. In such a case the position 
normal to the beam of li^t may be found from the reverse of motion of the 
interference rings, while the trou^ is slowly rotated in a given sense. 

The t^escope T (relatively much enlarged in the diagram) is not attached 
to the blodc. It is to be used both as a dmple telescope for the adjustment 
of the white slit images to horizontal and vertical coincidence, and as a direct- 
vi^on spectroscope. The most convenient attachment for this purpose is 
the direct-vi^on prism grating G (film grating) just in front of the objective 
of T. Two perforated thin disks of brass are useful for this purpose, one disk 
being firmly attached (like the cap) to the objective, the other to the flat 
face of the grating with the prism outward. A swivel bolt a, between the 
disks, thus allows the observer to throw out the grating and use the telescope. 
A stop arrests the motion of the grating when it is rotated about a, back 
again, for viewing the spectrum. "Hiis plan worked very well, and the el- 
lipses obtained were magnificent. It was almost possible to control the microm- 
eter M manually, and all hurtful quiver is absent. The fiducial line to whkJi 
centers c^ ellipses, etc., are to be returned is always the sodium doublet pres- 
ent in sunlij^t and the arc and aitifidaUy supplied by an interposed burner 
in case of the Nemst lamp. The telescopic lens need not be more than a cm. 
wide, and cross-hairs are not needed. For measuring disperdon the Ptaun- 
htrfer lines B, C, D, E, b, F were used. 

51. Equations. — ^The useful equations for present purposes are given in a 
IM:eceding report,* and the following cases only need be repeated here. If « 
is the thjdmess d glass plate of index of refraction ft for the wave-length X, 
and if the equation n—A+B/\*, where A and B are constants, be taken as 
sufiSdent, 

(i) /.-i-4Ar/#-aBA' 

where i^ is the displacement of the micrometer at the opaque mirror M or 
N due to the insertion ol the plate normally to the component beam in ques- 
tion. To determine ^ B must be known at least approximatdy. It may be 
measured in the same adjtistment, however, if two Fraunh(rfer lines are used 
fiducdally. Let SN be the displacement of micrometer to pass the center of 

• Cam^:ie Inst. Wash. Pub. No. 339, 1915, H 40, 41, 42. 
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dUpses £rom vave-lengths X to X'. Then if «* is tlie thidmess ol the half- 
alvered plate H, and R the angle of refraction within it, 

If f-O, 

(3) ^..B(^«.«+JlL)(i._i.) 

which may be called the conesponding air displacement. Hence 
(4} 



''{^-r^ 



Here aAr=SAr.=W-Ar'-(W.-W'J-W-W.-(JV-N'J 

80 that the difference of the corresponding portions of micrometer for a 
givea Praunhofer line, with and without the plate, are to be found. The 
method is quite accurate, as will be seen below. More than two constants 
A and B may be taken, if de^rable. 

To return to equation (1), remembering that nB/V is small, it is seen that 
the percentage accuracy of 11— 1 and AW are about equal. Now AW, for a 
plate 5 to 6 nmi. thick and ordinary glass, is about 0.3 cm. This may be 
measured within lo"* an. or 3 parts in 10* of AW or one or two tmits in the 
fourth place of >i, the index of refraction of the glass. A much more serious 
cooaderation is the consistent measurement of the thickness of plate e, which 
must be given to 10^ cm. if the same accuracy is wanted. Naturally this 
presupposes optic plate. Hence the data below will be inaccurate as to abso- 
lute values from this cause. The plates used frequently showed increasest^ 
thickness of several io~* an. within a decimeter of length. Absolute values 
are, however, without interest in this pE4)er. 

To show that less than lo"* on. is guaranteed on the micrometer in the 
placing of elliptic centers at the sodium line, the pairs of results given in 
taUe 39, made at different times and with entirely independent adjustments, 
may be dted. The screw-pitch was 0.035 cm. and the drum divided into 
50 parts with a vernier to 0.1 part. 



line. 


Pitch, drum. 


Pitch, drum 


Difier«ace. 


B 
C 
D 
E 
b 
F 


X85 I7-I 
8S 33.3 

85 41.0 
«8§ 14.9 

86 19.2 
/86 36.6 


74 33-3 

74 39-3 

75 7-0 
75 30.9 


0.35000+0.01695 cm. 
+ .01700 
+ .01700 
+ .01700 
+ .01703 
+ -01703 



X Ellipses long horizoatally. xs Circles. /Bllipaei long vertically. 
The total difEerence is less than io~^ an. and probably due to the width 
of the Praunhctfer lines with defidency of light at the ends cf the spectrum. 
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Apart from measurement of the thidcoess*, therefore, the method is guaranteed 
for fourth-place woric. 

52. ObsM^atkuis. — ^At short distances the ellipses are alwasrs rotmder and 
present in all focal planes ot the telescope. Doublet lens aunpensators ol 
relatively large focal power are available. Using the CSi-sweet dl solution, 
the submergence of conv^ and concave lenses in it made but very little dif- 
ference in the portion and d^niti(»i d the dlipses. There must, therefore, 
have been apprcndmate equality of the conditions of refaction. V^th glass 
in water this was naturally not the case. 

A number of e^>eriments were made with the well-known mercury-potasac 
iodide solution as obtained from Eimer & Amend. The index d refraction 
in the concentrated state (Boating glass) exceeds 1.7. The slight straw- 
cdIot is no disadvantf^. 

A plane-parallel trou^ of ordinary plate-g^ass, o.3()3 cm. internal width, 
was now constructed, only just large enough to receive a glass plate or a con- 
vex lens. With the plate or lens submerged centrally, therefore, the excess 
of path-difference over the empty trough would be nearly constant. The 
liquid was then gradually diluted until the excess of path-difierence of the 
liquid over the i^ass content passed throu^ zero into a deficiency. Con- 
siderable stirring was needed to insure homogeneity on each dilution. The 
results are given in table 33 for the plate and in table 34 for the lens. So 
long as the diluted stdution was effectively more refracting than the glass, 
the ellipses were nearly circular and very clear both for the submerged plate 
and lens, as well as for the liquid, but when the solution b^;an to effectivdy 
refract less than the glass, the ellipses were washed and could not be obtained 
strongly. On submerging the lens in these cases it was necessary to so adjust 
its poation horizontally and vertically that the white images (obviously in 
different focal planes) coincide as neariy as possible. This insures a sym- 
metric podtion for the lens, after which the spectrum is to be examined and 
the ellipses placed by moving the micrometer. Unfortunat^y, as neither 
the trough nor the plate was optically plane parallel, some readjustment 
for this was necessary at each observation, an operation whicJi introduces 
the error in the results shown in tables 33 and 34, so far as absolute values 
are concerned, whidi has been alluded to above. 

Tabls 33. — SubmeTKence of plat»<Usa (tbickneM 0.384 
cm.) in mercury-potossic iodidt solution. Thickness infide 
of trough, 0.293 cm. Sodium line. 3fl/X»— .K, GUss, 
B-4.SXlo-";2flA'-o.0262. 



Solution. 


Liquid 
AN 


Glaaain 


Liquid 


Glass in 
.-1+Jt 
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0.1640 


o.i4« 


0.6064 


0.5476 


7 


.1570 


.14M 


.58J4 


.Htg 




:i:?t 


.14« 


•5564 


.5469 


9 


.14M 


.5505 


.5475 


10 


■1430 




■5345 


■5470 


II 


.1416 


.14M 


-5333 


■54M 
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Tablb 34. — SubmeTECnce of glass convex lenses in mer- 
cuiy-potaasic iodide solutions. Thickness of the trough 
inside, 0.393 cm. Focal power, i diopter. Sodium line, 
JC-aB/X«, Glass, B-4.5X10-"; 2BA'-o.026a. 



Solution. 


"■sr 


GUssin 

AN 


:-m% 


Glass in 

M-I+JC 


3 
4 
5 


0.2069 
.1841 

:i693 
-1599 
.141a 
.1411 


cm. 
X 0.172a 

;ii 

XX .1431 

/ .1445 


.5921 
.5S83 

■52&0 


a6340 
.6410 
-60SS 
.5805 
.535a 
■5396 



s Focal power 3 diopter, xx Washed ellipses. / Concave lens. 

In both these series the tnnigh was not fixed with adequate rigidity, so 

that errors crept in from this source. Nevertheless, if the data are con- 
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stmcted graphically Oi— i+JC for solutioa as abscissa and for submerged 
{^ass as OTdinate), the results (figs. 65 and 66) show a very definite trend 
and show also that sli^t interpolation would be possble. It would be 
hasty, however, to infer that the intersection at a of the graph for submerged 
{^ass with the line at 45° through the origin is the index of refraction of the 
^ass, in so far as the data for the liquid aie trustworthy. The method 
seems to be deserving of notice; but before diseasing the matter ftirther 
it will be necessary to determine the disper^on involved in B. 

53. Dispersion cotutaats. — ^As shown in S51. the constant B is found by 
passing the center of dlipses between Praunhofer fines, both in the presence 
and absence of the plate to be tested. In the case of liquids the empty and 
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the fiUed trough are sunilarly compared. Data of this kind Sbr ^.dilute sohi- 
tion (^ mercury-^>otassic iodide and two kinds of glass are giva].ur:table 35. 
JV. is the micrometer reading at M for the half-silvered plate alon^.'.-'bi case 
of the solutioa, it is to include the glass plate of the trough. N—tft^^. 







Tablb 35.— Dispersion 


ftfi^frjantft 




Piaunhofer 
lin«. 


XXio* 


N, 


(i) Solution. 


(3) Trough glass. 
«-o.56icm. 

N-N. 


(3) GUss plate. 


B 
C 
D 
E 
b 
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58.93 
53.70 


0.0153 
.0173 

.0343 


0.1530 
■173 1 

:!i|5 


0.3008 
■3033 
.3065 
.3iai 
.3130 
.3>7i 


aa39o 

;i? 

.3J88 

.35»0 



The OHnputed values it—i+K = (N—N,)/e='&N/e are given in the graph 
^ure 67 (series numbered), from which the characteristic difference in the 
disperaon of the st^ution and of the glass is apparent. 
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If, now, the value of £ is computed by equation (4), between successive 
Piaunhofer Unes B—E, C—b, D—F, the results come out as in table a6 and 
the coefficient B should be oonect to about i per cent. For instance, in the 
case of the solution (^—JVb)X—(JV—W,)X' "-5/^—0.0301, 0.0300, 0.0339, 
respectively. 



lines. 


(I) SolutioD. 
BXio" 


(3) Trough glass. 
BXiC" 


(3) Gins. 
BXIO" 


B-E 
C-b 
D-P 


19.33 


4-50 


ti 
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It thus e.^^eaf0 that in esse c£ the solution the equation n^A+B/>a is 
far from A>^^ent up to the Fraunhofer F line. Nevertheless even here the 
mean t&Jt^ first two results may be regarded as holding in the r^on oi the 
Z>>]ine.*-vnie large value of £ as compared nith the glasses is particularly 
npt^orthy, and from this a reason for the poor ellipses obtained with dilute 

C.amutions is suggested. If for two media the AN/e are identical, as at a and 

'•'&' in figure 67, this implies merely that 

Hence, when tiie coefBdents B differ as largely as is the case for the solution 
and the ^ass, the indices ji are far from equal. In the above case, if it—y!™ 
0.071, the solution should show no di^lacement at the D line when the glass 
is submerged. But this difference in the indices of refraction of the glass and 
the sohition is enormous, and if the submerged body is a lens, the oorrespoud- 
ing im^;:es in the tdesoope will be thrown quite out of focus. Thus the el- 
lipses are necessarily washed. Coaversely, when the indices of lens and solution 
are nearly equal at the sodium line, the displacement is 2{«B—eB^/\\ and 
therefore considerable (0.035 cm. above, in the example taitsa) ; but the el%)Se5 
are now sharp and strong. Unfortunately, ther^ore, displacement is no 
criterion for equality of fi, and mere dependence on the sharpness of fringes 
is insufficiently accurate. The only resource left is to compute B and B' for 
two spectrum lines and adjust the solution for tins displacement. Again, 
this is not convenient, particulariy when but a single spectrum line is at hand. 

54. Further observations. — ^A somewhat wider trough was now constructed 
of the same plate-glass as above. The following dimenaons were found by 
calipering: Glass wall plates, top 0.390 cm., bottom 0.383 cm.; internal 
thickness (liquid plate), top 0.564 cm., bottom 0.563 cm. As the light passed 
through near the bottom of the trough, the second data are to be taken in 
each case. The observations were made with sunlight and at each of the 
Fraunhofer lines B, C, D, E, b, P. In case of a hazy sun the lines B and P 
were often less stroi^ than dearable; but in other respects the work through- 
out progressed smoothly, showing magnificent elHpses b^;inning at the B 
line with the horizontal axis longer and ending at the P line with the vertical 
axis longer. Circles occur earlier as the refraction is greater. N-'Nt in 
table 27 is the coordinate r^erring to the difference of micrometer reading for 
the presence and absence of the plate tmder observation. If the glass walls 
of the troi^h alone are to be talnsi, the ^a refers to the half-silver plate alone. 
If the sdution is in question, ^a r^ers to the half-silver and the trou^ walls 
taken conjointiy and in place. The trough is, of course, not to be moved; 
but some adjustment is needed when the liquid is introduced, which mais 
the absolute result. In series 5 a glass plate «— 0.993 cm. thidc was sub- 
merged in the solution without readjustment. Hence of the resulting re- 
fraction 393/563=0.5034 belongs to the g^ and 270/563=0.4796 to the 
solution surrounding it. Table 16 contains ten series of results with the 
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Tablk 37.— Re&actioo of glow and of mercury-potasaic iodide icdutioiu. New troufdi. 
GtaBs walli, r-0.383 cm. thidc, each; solution, £-0.563 cm. thick; K~aB/\'. 
Pigure 68 ia an exhibit of the more important of these lesulta. 



Series. 


Fraun- 
hofer 
line. 


XX 10* 


JV.Xltf 


AN 


I.-I+I 


iWxio* 


SXio" 


(1) GlawpUte. 


B 
C 
D 
E 
b 
P 


68.7 

58.93 
52-70 
51.77 
48.61 


8.i 
9-7 

.Hi 

33.0 

36.6 


■i 

■3364 
■3375 
.3416 


1 


em. 
BE. 117 
Cb. Ill 
DP, no 


4'S 


(3} Dilute Bofu- 


B 
C 
D 
B 
b 
F 


Same 
as 

above 






0.2855 
.3899 
■303" 
.3237 
.3281 
.3466 


0.5071 


BE, 382 
Cb. 383 
DP. 435 


16.01 
19.00 




(3) Glass plate. 
«— 0.566 cm... 


B 
C 
D 
E 
b 
F 


Same 
above 






0.3178 
■3194 
■3237 
.3295 


0.5616 
■5643 

-5839 

■59" 


BE, 116 
Cb, 111 
DP. 109 


4-63 
4-63 
4.74 


(4)JittonBer 


B 
C 
D 
B 
b 
P 


Same 
as 

above 






OJ098 
.3151 
.3304 
.3548 


0.5503 

■1; 


BE, 450 
Cb, 446 
DP. 524 


17-99 


(5) Glw< plate in 
■olutioa4. 
00.393 cm... 


B 
C 
D 
B 
b 
P 


Same 
as 

above 






0-3077 
.3110 
■3207 

-3517 


■05465 
.5525 

■6247 


m 


It. 16 
11.59 
13-52 


(6,7)GI«MpUte. 
« -0.566 cm... 


B 
C 
D 
E 
b 
F 


Same 
as 

above 


8.0 
9-7 
14-5 

31. 
23.2 

36.8 


■03193 
.3207 
-3249 
-3307 
.3315 
■3357 


Si 

■5931 


lis 
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(8) Strong kJu- 


B 
C 
D 
E 

b 
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Same 
as 

above 






0-4474 
■45«2 
■49"6 

.6140 


0-7947 
-8139 
■8732 
■9723 
-9920 

1.0906 


BE. 1000 
Cb. 1003 
DF.1334 


39-94 
43.03 
5347 




(9) Strong aolu- 


B 
C 
D 
E 
b 
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above 






°3 

.6135 


0-7953 

:i;s 

•9727 


BE. », 


39-90 
43.06 
53-14 




(10) Diluutolu- 


B 
C 
D 
E 
b 
P 


Same 

as 
above 






0.3355 
■3309 
.3487 
■3764 


0.5783 
.5879 
.6194 

.6687 


BE, 509 


30.33 
21.56 
36.35 
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same trou^ but with different scdutions, dilute and nearly concentrated. 
To place the trough normal to the beam, the reflection of the latter bora 
the ^tce of the trough was made to ooindde with the spot on the half-alver. 
This is inadequate for fine work, but the interferometer method of retro- 
gressing fringes is not applicable unless the trough is separately mounted. 
From the data obtained the constant B was computed from pairs of Pratm- 
hofer lines, B and E, C and b, D and F. Apart from the effect of the thick- 
ness e, it should be correct in case of the solutions to about a few tenths per 
cent. In case of the concentrated solutions, however, the dlipses already 
begin to move slug^sbly and are much smaller. 




Fltnn fi— i+aB/\* and B, the corresponding indices of re&action in taUe a; 
are eaaly computed; but these data are of little value here, because the thick- 
ness « of the ordinary plate-glass used is not constant to the degree necessary. 
It is, however, worth while to eachibit the B for the different mercury'^odide sdHxi- 
ttons in terms of either n or, what is equally serviceable and more convenient, 
in terms of ii—i+K; for this quantity is directly given by the displacement 
measurement &N/e. If we regard the mean B for the B to E lines, and C to 
b lines as applying to the D line, the coordinated values are: 

(a) (4) (8) (9) do) 

f-i+f^ 0-5384 0.5869 0.873a 0.8736 0.6194 

BXio" 15.63 18.37 4099 40.98 ao.94 

For solutions of small concentration the ratio of B and ft—i+K changes 
but sknrly (19 to 34) as shown in figure 69, so that B may be predicted from 
tiw latter, always remembering that our equation with two constants (jt=A 
+B/\^ is inadequate at the outset. 



Digitized DyGOOgle 



REVERSED AND NON-REVERSED SPECTRA. 105 

To take the case of the submerged ^ass-plate series 5, if «' be the tluch- 
ness of plate and r" of solution, so that «'+«"=«, the thickness of trough, 

^ 0.'-i+K:')+ 7V- i+K") - y^ 

Thus, 0.5204 of the data of series {3) added to 0.4796 of the data of series 
(4) should reproduce series (5). The results are given in table 38. 
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E 
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Hcoraputed.... 

s'Pound 

Difiference.. . . 


0.5561 
■5465 


0.56a I 
■5535 


0.5791 
■5697 


0.6053 


0.6104 
.6016 


0.6338 
.6147 


.0096 


.0096 


.0094 


.0090 


.0088 


.0091 



These differences are nearly constant and due to the orientation of the 
glass plate with vbicii its Elective thickness (assumed 0.393 cm.) will vary. 

55. Conchuloa. — It appears, therefore, that the expectation of recognizing 
the equality of refraction of a submerged solid and a sohition, at any given 
wave-lei^lth, from the fixity of the fringes in the piesenoe and absence d 
the solid has not been fulfilled, at least for the mercuiy-potassic iodide sohi- 
tion. The reason is found in the enonnous difference of the dispersions ol the 
stdution and ordinary glass. When the ellipses are not displaced, ft— ti'~ 
a{B'—B)/\\ and this difference may even ap{»oach a unit in the first decimal 
of It. The troughs in which such ^cperiments are to be made must be opttcaUy 
plane paralld, as otherwise an inadmissible error due to thickness of plates 
is introduced. With such a trough, however, the ease and accuracy with 
whidl the dispersion constants may be found, at least for the solution, are 
noteworthy. 

When the solution is more refracting than the ^ass, it is curious that the 
ellipses are not seriously distorted or vague, even when the symmetrically 
submerged solid is lenticular. Hence the equation just stated is available 
for a wide variation of form. Furthermcve, if AJV is the displacement at 
the micrometer corresponding to the presence and absence (£. glass of the 



M-Z+j^.CS-BO' 



tiN 



But as /, B' tor the s(^tion are known, n and .8 for the glass may both be 
computed from observation at a number d wave-lengths, X, provided >i- 
A +£A* for glass, which is sufficiently nearly so to the fourth place of dedmals. 
Hence if 4W/f-|-/+2B'A*"« is known, 

B- '--' 
3(i/X'-i/X') 
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and ii^x+aB/\*. Data of this kind are givea in taUe 99, the abstjute values 
depending whcdly on the correctness of tlie thkJmess E of the sohition and 
c for the submerged lens. The dlipses were excellent, sharp, and strong, 
fi— t +3B'/\* is found directly and AA^ is negative as the solution i: 



Lena. 


e 


K' 


AWXio* 


M 


Remarks. 


1 diopter 

a diopters 

5 diopters. . . 
10 diopters 


o.ijS 

.300 

.348 

-447 


0.6140 
.6140 
.6140 
■634a 


7.8 
10.7 
.18.7 
•30.5 


I -5313 

1.5635 


Ellipses strong. 
Ellipses strong. 
EUipses vague. 
Ellipses vague. 



■ Probably not adequately centered. 
But such a method is not as convenient as was anticipated at the outset, 
idiile it may fall short of the needed accuracy if rigorously carried out. The 
only escape out of the difificulty would be the use of a liquid (^ about the 
same dig>erston constants as the ^ass. In this case the corrections would 
be minimized o-fA the ^Eperimental work ampler. 
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DmiiACBIIBRT IimBFBROMBTXT III COHHBCTIOK WITH U-TDBBS. 
JAMnrS inTXSFEROHETBR. 

56. Introduction. — A variety of constants in phy^cs may be found from 
the relative heights of two communicating cc^umns of liquid. This is, for 
instance, the case in the classical expe rim ent of Dukmg and Petit on the 
thennal e^^nnsion of liquids. Again, if one of the tubes is subject to a ^}ecial 
force acting in the directioa of its axis, this force in its bearing on the liquid 
may be evaluated from the resultii^ difference (rf heads of the o^umns. 
Thus one tube may be surrounded by a magnetiang helix and the effect (A 
the anal nu^netic fidd on the liquid in question (t.e., the susceptibiHty) 
found from the disfdacement of its surface by the presence and absence oi 
the field, etc. It seemed to me worth while, therefore, to test whether it 
would be possible to measure small displacements d this land by pasang the 
two component beams ot a displacement interferometer axially through the 
two ctrfumns respectively, and to measure the differential effects in question 
in terms <^ the resulting displacements of fringes. 




57. Apparatus. Micbetsoa interfenMneter. — The interferometer first used 
was of the same form as that described above ({ a, fig. 3), B, figure 70, being 
a heavy iron tdock, i foot in diameter and 1.5 inches thick, on iriuch the 
mirrors Af, N (the latter and preferably both on micronieters) are securely 
mounted with the usual direct rou£^ and dasdc fine adjustment for hori- 
zontal and vertical axes. A beam tA parallel white rays L arrives from a 
cdHmator (not shown) and impinges on the half-ailver plate H.tohe reflected 
and transmitted at a convaaent an^ (about 60°), Uius furnishing the two 
component beams whidi are to traverse the limbs of the U-tube. 
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The vertical columns of this tube are shown at C and C (with accessory 
mirrors removed), and they are joined to the capillary tube p near the bottom 
of C and C. Details mil be given in connection with figures 71 and 73. 

The lay HM strikes a mirror symmetricaUy at 45° to the vertical below C, 
is thence reflected upward along the axis a, striking another mirror above, 
also symmetrically at 45° and paralld to the former, v^ieiice it is reflected 
to the opaque mirror M. The latter reflects the ray normally back, so that 
it retraces its path as far as ^, by which plate it is now transmitted to be 
observed by the telescope at T. Similarly the transmitted component ray 
HN is guided by suitaUe r^ectors at 45°, so as to take the path Ha'Na'HT, 
thus passing axially (a') throi^h the tube C. 

It is necessary that the U-tube CpC' be mounted independently c&. the 
block B on suitable bracket or aim attadied to the pier. Otherwise any 
manipulation at N will disturb the surfaces of water in C and C, Ordinary 
clamps admit of raising or lowering or rotating CC satisfactorily, always 
providing that it shall not touch B. The telescope at T is also mounted apart 
from B on the table below. The direct-visdon prism grating g is placed imr 
mediatdy in front of the objective and swivded as described in figure 64, 
Chapter IV, so that either the white slit images or their spectra may be seen 
in the field of view, according as f is rotated aade or is in place. 

In figure 71 a ixoat sectional elevation of one of the shanks of the U-tube 
is given with all appurtenances, and a ginitlnr sectional elevation at right 
angles to the former is added in %ure 73 ics the top of the tube. In figure 71 
the miiTOis m' and m are on horizontal axes and the component tay coming 
from behind the diagram strikes m' bdow, is reflected axially upward throi^h 
CC, impinging on the mirror m (also on a horizontal axis) , whence it is reflected 
horizontally toward the front of the diagram. The ray a and mirror m are 
^ven more dearly in ^ure 73. The lateral capillary tube appears at p and 
the tube C is closed below with a plate of glass e, cemented in place. 

To mount the mirrois m, m', snu^y fitting rings r and r' endrde the tube 
C near its top and bottom and can be fixed by the set-screws s and s'. In 
virtue of these rings, the mirrors m, m' may be rotated at pleasure around 
the vertical axis a of CC. The horizontal axis of the mirrois m, m' rotates 
at pleasure in the vertical arms A, A' of square brass tube. A, A' in turn may 
be slightly swiveled about the horizontal axis 6, 6', in a rigid lateral projection 
of the rings r, r". Thus m, m' are capable d. rotation around three axes normal 
to eadi other and adequately damped in any position. 

The component ray HN may be adjusted to the center of the lower mirror 
m' by pladng the ccJlimator L and tlien guided axially by m', m,Nas described, 
each being adjustaUe. The component ray HM may be ^milarly adjusted 
to the center of the lower nurror m' (at 45°) by sightly rotating the half- 
alver plate H (on horizontal and vertical axes) and then guided axially by 
ffl', m,M. As a whole the adjustment is difficult, though it need not be much 
refined. Clear white slit im^es in the tdescope T are an adequate criterion. 

In the absence of a liquid in CC, figure 71, the fringes are easily found after 
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noaSv. :be Sriarmg of :be sc b:==> laay be a gnve cxncnaacDCe; far 
if tbe "*' — ■»■ C.C at ana] aie v=*taZy prnns. tbe < r ^'v » Vt»n' of ^lecttm 
wil tor dg asal cgfaer leaaons be dnarw ej by the disE J acBm ec i i ui Ornate 

St. EfMCiak— Socae rstfrnaif of tfae zacrawcrs to be acbdpated may 
be gnen bete, and t j^tatd ia tenns of tfae Dckai^IVth experiment. U m 
B tfae mean ooeficxct t£ rxiuirjun of water at tfae tetnpentme in (pMStno 
and AM the rK i cm e u'. of the bead H cornspaa^ag to tfae tempermtora 
dWan i m J< boseoi the '•nhrfT'^ 

(i> iff -.HA/ 

Again, if A.V cciw u HBuTing to AH is tbe disptaoement of ceotos of effipssi 
at tbe iram4englli &. and p tfae irnla of R&actioa of water, so that |i - .4 + £ V, 
ocariy, 

Henoedim^ be ojcipoted as 

Since the vahie of AA' is witbtn to-* cm. and H>io cm. in tbe above apfia- 
ratos, we may farther write at mean Uanp er a tores (15*) 
«-2.5Xior« /t-i.333 B-io-"X3.i tB X»-o.oi8at thftPKne, 

Thus *i-i+2BA*-o.35i and A/-io-*/o.35iXi.sXio-*Xio-o.H4*- In 
other words, in case of tubes 10 cm. long, tbe effect of a diffcnnce of tempom^ 
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ture of about o.i degree between the tubes should be eaaly observable by 
mere displaoonent, iriiereas a differenoe (^ less than 0.03 would be equivalent 
to the passage of one interference ring. 

Again, from equation (2), if AW«io-*an., then iff" io"*/o.3Si — icr*Xa.8 
cm., or about 9X io~* cm. per vanishing interference ring are the displacements 
to be anticipated. These are equivalent to pressures of about 0.3 and 0.1 
dyne per square centimeter. 

59. Observations. — ^A large number of observations were made with the 
iq)paratus described, but as under present surroundings the fringes always 
quivered ^{(dently, no quantitative results <^ value were obtained. Naturally 
such experiments imperatively demand a laboratory remote iioca. trafBc, since 
the undulation of molnle Uqidd surfaces is introduced in addition to the tremors 
of solid appurtenances. 

An attempt was made to r^iister the jncssure near an electrically charged 
point, but no results could be obtained. Again, thou^ the attraction <^ an 
electrically diarged surface tor the free surface ot water in either tube was 
recognized, on using adequately fai^ potentials to measure the forces the 
surfoce became troubled and the fringes vanished. In this case, if ^ is the 
pressure, V the difference of potential in volts, and d the distance apart d 
surfaces in centimeters, /=4.4Xio-'X(K/d)' dynes/cm.* if /— 0.3 can just be 
determined by the displacement method, and if V^So volts (rou^y) is the 
smallest potential difference discernible for quiet fringes. Finally, Duloog 
and Petit's experiment gave very definite results even for small ranges (^ 
temperature, subject to the conditions stated. 

By surrounding ^le top of the tube C, Ggaie 71, with a doee-fitting helix, 
the upper face of which reached just below r, while the surface of liquid within. 
w, lay at its center, an attempt was made to detect the susceptibility k d 
water, etc. If the field c£ the ccril be written roughly H—o.^rin/l, where » 
is the current in amp&res, n the number of turns, and 1 the lei^th of the beUx, 
we may write 

Pg.6k=-H.kH=-kH* 
Since p= i, the inocmeiit d head, h, becomes 

&k-kIP/g~io.A«T/l)Vk/g 
Hence if roughly Jk— loA g^io', i"! am., n/i— 35 as in the hdixused, 
dfc-44*X 10-*- 1.9X10-* cm. 

Thus if 1 = 10 an^iires, M-sXio^ cm., nearly, and easily determiiiable by 
the displacement of ellipses, or &om interference rings. The experiment was 
tried, but the quiver of rings was such as to admit ol no decision. In case of 
the magnetic solutions, /; is of course much larger; but under the circumstances 
it did not seem worth while to attempt further work. This will be done with 
other apparatus in the course of this paper. 
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M. JanUn's Intetfcsuineter.— The ease with which the Michelson intei^ 
ierameter may be adjusted and its remarkable adaptability have led to its 
geDoal piefereDce over the c^er fonn of Jamin. Nevertheless, the latter 
furnisbes two parallel rays whidi for sudi purposes as the present are desir- 
able. Hence if the four faces of the interfeiometer be separated in the maimer 
suggested by Mach (shown in fig. 73), a very availat^ form erf inteifenmi- 




eter is obtained. Here M and N are half-silvered plates, M' and N' the 
c^Kique mirrors. The white hght L impinging from a collimator thus fur- 
nishes the two component beams ac and bd, which are observed with the tele- 
scope at T, after pasang the direct-vision prism grating g. If either nmror 
M' a N' is displaced a distance e, moving parallel to itsdf, the path-differ- 
ence 30COS is introduced with the corresponding shift of eUipses. The 
U-tubes C, C, with thdr hehces H, H', and connecting pipe p are now oon- 
v<eniently installed as shown. But the trouble with the arrangement is the 
difficulty of adjusting the four surfaces. Not only are the centers of ellipses 
Uable to be remote bom the center of the field, but it is often hard, without 
^Moal equipment, to even find the fringes. 

If, however, the device which I suggested in the preceding report is adopted — 
»>., if (fig. 74) the half-silvered plates Af, AT are at the ends of a single 
strip of plate-^ass, so that rays terminating in M,M' N N' after adjust- 
ment necessarily make a rhombus-like figure symmetrical to MN — ^the fringes 
are found at once; for they appear when the white slit images in T OMndde 
horizontally and vertically and the rays bd and cd intersect in the commim 
point d. Hence the mirrcHS M', N' should be on carrif^es D, F, adapted to 
move on parallel slides 5, S'. M, N may also be put on a carriage E, thou^ 
this is not necessary. 5, S' need not be paralld to or or M. If the mirrors 
M' and N' are wide, conadeiable latitude of adjustment is thus obtained. 

If MN is half-silvered on the same side (i.e., toward N') a compensator is 
needed in oc or cd if path-difierence is to be annulled (symmetry). If, how- 
ever, M is balf-alvered on the N' side and N on the M' side, no compensator 
is required. In the latter case, however, if ordinary plate-glass is taken, M 
and N are not quite parallel and the ellipses will be eccentric. This, however, 
is not necessarily a disadvantage, unless the strip MN is excessively wedge- 
shaped. 
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The ellipses obtained are usually loi^ vertically — i.e., quite eccentric — 
so that the fringes soon become straight and the rotation is extremely rapid 
whenever the center of dlipses is out of the field. It is ther^ore posaUe to 
adjust rdative to horizontal Mnges (paralH to the shadow of wire across 
slit), as these indi ne very obviously for a displacement of less than lo-* cm. 
and rapidly become vertical. For this reason it makes little difference in 
practice whether the half-silvers are on the j e 

same or on opposite sides, or whether obser- 



L_<Eb_jfz: 



vation be made at T {cd prdonged) or at 7^ ■*' ) *— ^ 
(W prolonged). Moreover, the plate MN 
may be conveniently constructed, as in figure « i ^ [ 

75, of two mirTOTs m, n, attached to the clear 



strip of plate-glass g by aid of strong steel 76 

dips at c, ff. With the half>^vers 5, s', on the same side, the wedge-angle 
of the glass is exduded. For shorter diagonals, the plan of figure 76, with 
the silver surfaces 5, s' held together by dips at c, is preferable. 

If the mirror W, figure 74, is displaced a distance e, where a glass-plate 
compensator of thickness E and refraction constants ^ and B is introduced 
normally either into db <x bd, the equation is easly seen to be, at wave- 
length X, 

£0i- i)+2BA*= 2* cos » 

where 9 is the angle of reflecticm at M. Uang the plate £—0.434 cm. treated 
above, the first member is 0.3438 cm. Values of « of 0.3430, 0.3409, 0.2437 
were txni^y obtained. Hence the mean value of 9 should be about 6o^ 
as it actually was. 

The occurrence of this angle and the shift of the beam hd along the mirrora 
M' and N are the main objections to the method of figure 74, for the rhom- 
bus is not necessarily periect. If the ends of the plate HN are silvered on 
the same side, the compensator must have double the plate-thickness to 
annul path-difference. Finally, the half-alvering does not, for large 9, suffi- 
ciently exdude the reflection of hd from the naked face f£. the [^te, so that 
the fringes are never quite black. These difficulties may be met by making 
MN, ^ure 74, the s}u>rt diagonal of the rhombus and uang the strip, figure 
76. Li such a case 9 at Jlf ' is small, and in view of the nearly normal reflec- 
tion at Af and AT relatively little reflecticm comes from naked glass, sliding 
is largdy avoided, and no compensator is necessary. In this case the fringes 
for no path-difierence are actually strong black horizontal lines oil a colored 
ground and far enough apart that 0.1 fringe could easily be estimated. A 
test experiment with the above plate showed e=o.i344 cm., corresp(Kiding 
to the small ai^e 9, a little over 13°. 

When the U-tube C C, figures 7 1 and 74, is introduced, the strip MN will 
have to be at a considerable angle (about 45°) to the horizontal, so as to 
raise the N end about 15 cm. above the M end, corresponding to the hei|^t 
of m above m' in figure 71. The new condition, however, in no way changes 
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the general procedure. In case of figure 74, the mirror N' must be high and 
M' low. This is usually less convenient than the case when both miiTors 
are hi^ (C placed at G) or where both mirrors are low {C* placed at CO- 
In the former case, f^iain, the rays have oonaderably diverged in a vertical 
plane and tbe fringes are less mailred. If C is at G' the whole of each com- 
p(nient beam may be cau^^t and passed throu^ the re^>ective shanks o£ 
the U-tube, The fringes are strcmg, eaaly found, and large, so that the cen- 
ter of ellipses is not far outade of the field of the tdescope. It is obvious 
that to facilitate adjustment the mirrors m and m', figure 71, must be nearly 
parallel. They are made so by the aid of a broad beam of sunlight and then 
clamped fimily in position at about 45* to the respective axis of the U-tube. 

Finally, if the connecting-tube p is nearly horizontal wbea in place, the 
fringes are usually fotmd at about the same position of the micrometer (at 
Af) after the liquid is introduced into the U-tube. Here it is advantageous 
and usually penntsable to make a part of the connection p oi flexiUe rubber 
tutnng. But unless the free surface w, figure 71, is very neariy parallel to 
the plate «, the center of ellipses is liable to be far outside <A the field of the 
telescope and the fringes correspondingly smaU. The di£Sculty of adjust- 
ment for large fringes is now considerable, because of the two mobile liquid 
surfaces in the U-tubes. For this reason I did not attempt to make measure- 
ments, althou^ the fringes themsdves were surpriangly steady and strong 
and would have been quite available, apart from laboratory tremors. Slight 
changes in density, due to station or temperature changes in one shank <^ 
the U-tube, were well recorded, after stirring, with curious effects of surface- 
tension and viscosity. 

The fringes being very dear, a number of other promiscuous e]q}enineiits 
were tried. Thus, a tube with plate-f^ass ends and filled with water was made 
the core of a powerful magnetic helix. The tube, afi cm. long, was placed 
in one of the component beams and compensated by a ootunm of glass in 
the other. Good fringes were eaaly found; but not the slightest displacement 
could be detected by alternations oi presence and absence td the magnetic 
field. The water was now replaced by a sdution iA nickel sulphate. Fringes 
were again ea^y found and strong in the green, but the effect of the magnetic 
field was quite as inappreciable as before. Magnetic fields were thus totally 
ineffective. 

In a set <rf experiments of a different kind the attempt was made to observe 
the gradual deposition of silver on plate-glass. Bdttger's solutions wer« 
poured into a plane-paraDel dean glass trou^ nonnal to one of the component 
beams {cd. fig. 74) and compensated by a plate of ^ass in the otho- (M). 
Large frii^es were produced by setting the niicronieter and observed during 
the formation ol the two alver fihns on the opposite faces of the trough, until 
they became quite opaque. It was astonishing to find that fringes were still 
&tntly visiUe long after a hi^y reflecting mirror had been deposited. But 
DO displacement larger than a fraction ot a fringe could be detected, showing 
the extraordinary thinness of the silver fihn even wbea practically opaque. 
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Similaiiy, the alver deposit on plate-g^ass was removed in paralld stripe, so 
that the film had the appearance fA a grid. The results iriwn this plate was 
placed normally in one of the component beams were the same. 

61. Vertical displacement of ellipses. — If the fringes are too small vbea 
horizontally centered by the micrometer, the center of dlipses may be brought 
into the middle of the field of the tdescope by shding one component beam 
vertically over the other without appreciably diangii^ the direction of the 
rays. In other words, one illimiinated spot at d, figure 74, is to move vertically 
rdative to the other by a small amount. This may be done by placing a 
thick plate-glass compensator, sach as is shown in figure 77, in each of the 
conq>onent beams a6d and acd and suitably rotating one plate relative to the 
other, eadi on a korizotOal axis. Very little rotation is required. In the same 
way eUiptical fiinges may be dianged to nearly linear horizontal fringes 
vbea. desirable. If the frii^es are to be sharp the slit must be very fine. When 
sunlight is used with a slit not too fine, each of the coincident sodium lines 
(DiA) frequently shows a sharply defined helical or rope4ike structure, the 
dark parts in step with the fringes of the spectrum. It loc^ UIk an optical 
illusion of slanting lines or a shadow interference of two grids (fringes and 
sodium lines respectively); but later experiments showed it to be an inde- 
pendent phenomenon. (CJ. { 63 e( seq., 68, 70.) 




The first result is particularly interesting, inasmuch as it is thus posable 
to displace the centers of ellipses not only horizontally as usual rdative to 
the fixed sodium lines in the spectnun, but also verHcally relatively to the 
fixed horizontal shadow in the spedrum due to the fine wire across the slit. 
The following eqieriment was made to coordinate the vertical displacement 
ot the oon^KMient rays and centers of elliptic fringes: A glass plate ^=0.705 
cm. thick was placed nearly normally in tiie beam ac, figure 74, and provided 
with a horizontal axis and graduated arc. The amount (0 of rotation of the 
plate, correspcmding to the vertical displacement of one central fringe in the 
tdesoope ((.«., passage oi. fringe a into b, into c, in the duplicate spectrum 5, 
fig. 78), was then found to be, if i is the ai^le of incidenoe, 
* k 

No fringes 3.5" 0.0149 «>■ 

One fringe S-O* .0314 

Two fringes 6.5* .oaSi 

irtiere h is the corresponding vertical displacement <^ the rays ae, figure 74, 
and computed irxxa (/i index, r aagle of refraction) 
k =d(sin * —cos J tan r) 
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Thus the vertical displacement of rays correspoudiiig to the vertical semi- 
axes of the central ellipse or one fringe is between 0.0065 ^^ 0.0067 cm. — 
!.«., on the aven^ below 7Xio-*an. Hence ft « AT X 0.007 for AT such central 
Mnges. It was difficult to get a closer result, owing to quiver. 

The interesting question is now suggested, in how far such an arrangement 
would fall short of being able to exhibit the drag of the ether in a raindly 
rotating body, should such drag occur. In figure 73, let a0 be a cylinder of 
^ass with plane-parallel ends, capable of rotatii^ on the axle yS. If I is the 
length of the cylinder, ft its index d refraction, and r the distance of either 
component ray (oc, bd) from the axis yS, n the number of turns per second, 
and V the velocity d light, we may write, usii^ the above excessive estimate, 
N bong the number of fringes displaced, 

h- }4N X0.007 - awttrtfi/V 

ance ac rises while bd falls. If 

»i"200, f»io cm., i>ioo cm., V— 3X10", M^i-S. 

^_6.3X:.Xio-XxoXic^Xi.S.^^3_ nearly 
3.5Xio-»X3Xio" ' 

It would thus be necessary to estimate about one-dxtieth of a fringe, iriuch 
is just beyond the Hmit of certainty, even if m can be increased and I multi- 
plied by reflection. The device suggested is nevertheless of interest and 
deserves further conaderation. It will appear much more promising in 
connection with the achromatic fringes described below. 

62. Diqriacemeiit Interferometer. Jamin fype.— These considerations 
induced me to devote further study to the Jamin type (rf interferometer 
(fig. 73). The minois M, N' were put on one pair (A long slides (1.5 meters 
long) parallel to ac and the mirrors M', N on dmilar slides parallel to the 
former. In this way any distance ac or bd was available. The beams were 
about 16 cm. apart, corresponding to a normal distance between the end 
nmiors {NN', MM") of about 13 cm. But these distances could also be 
increased from nearly zero (Af and M' nearly contiguous) to about 90 cm. 
in view of the width <£ mirrors used. The angles at a,b,c,d were each about 
45°, so that a rectangle <rf rays is in question. (See figure 88 or 93 below.) 

The adjustment proved eventually to be greatly facilitated by usii^ a 
horizontal beam ot sun%ht with weak condeoser-lens and cdlimator. A thin 
wire is to be drawn across the sUt. M and M' are first set for parallelism in 
the absence of N and N', by adjusting the images of the slit at the same level 
Oiorizontal) on a distant vaU. The images or shadows c^ the wire specified 
on the wall are to be equally far t^Kirt, wiUi the beams ac and bd at the mir ror. 
The mirrors N and N' are next put in place with the distances acd and abd 
about equal. The two im^es seen in the telescope aiT (g removed) are then 
made to onncide both horizontally and vertically by adjusting N and N', 
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and these are then slid by a. small amount on their slides (direction ac) until 
the rays are ccnncident at d to the eye (light strips on the mirror coincide). 

If, now, the grating g is inserted, very fine oUique fringes will usually be 
seen. These may be enlarged to a maximum by moving the micrometer 
controlling the diqilacement M' noimal to itself. Somewhat coarser horittmtat 
lines are thus obtained. 

Finally, the distant centers of the ellipses are brought into the center of 
the telescope by aid of the thick glass compensator, like ^^ire 77 (the equiva- 
lent air-path of the other ray being correspondingly lengthened) by rotating 
the glass plate on a horizontal axis.* It is desirable to have an excess of glass- 
path in one beam, as otherwise the dlipses are so large as to be unwi^y. 

The dUpses so obtained with common plate-gjass and a fihn grating at g 
were magnificent. A rough test of the displacement interferometer was made 
by using the above p1at«-glass of thidmess £=0.434 cm., where z^Eiji— i) 
+2B/X*=o.3438 cm. In two e]^>eriment8 agreeing to within to~* cm., 3« — 
0.3448 cm. were the displacements obtained. Assumii^ that 9=45°. ^e cos 9 
= 0.9438 cm. This agrees with z as nearly as may be ei^iected, unless 9 is 
specifically measured. 

Experiments were now made (as above) with thick plate-f^ass compen- 
sators inserted in one comp(nient ray (btj) only, to determine t^ rotation of 
compensator (1°) necessary to raise the center c^ dlipses in steps (rf half the 
diameter of the first ring (see a, 6, c, fig. 78). The initial angle i is ah«ady 
large and shows the rotation of compensator from the vertical needed to 
bring the ellipses into the fidd. Two sets of experiments were made with 
plates respectively 1^=0.965 cm. and ^=0.705 cm. in thidmess, with the 
results given in table 30, 

Table 30. 



Experiment I. 1 


d 


i 


ft 1 &A 1 


0.965 cm. 


9.0" 

lO.I 

11.4 


°w 


0.0067 on. 
.0080 


Experiment II. 1 


d 


i 


A 


lA 


0.705 cm. 


2.6" 
3-3 
3-9 


.0165 




°:3 



The equation of the preceding section is used for h. The first case shows 
about the same order of senativeness (Aft per half-ring). In the second case, 
for the thinner i4ate, the sensitiveness has been more than doubled. This 

* The Game result may be obtained in the absence of the compensator by rotating N and 
N' oa m horiimtal axis, successively by small amounts, into parallelism with U and W. 
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is in ft sieasufe not une^)ected, because the amount of displacement, coit. 
par. (i.«., the mobiUty and size oi dlipses), increases in marked degree as the 
plate compensator is thinner. But apart from this A/t is in some way, yet 
to be stated, associated with the obliquity of rays in a vertical plane. 

In case of the rotating compensator, vertical and lateral displacement cl 
centers cf eDipses go together. It is ther^ore next in order to determine the 
ratio of vertical and lateral displacement. 

The equation deduced in J 8, i^ch follows easily from figure 77, may be 
put in the f oim (for a sin^ passage of light through the plate) 

nK^ae(,snH/a —11 sin* r/a) 
or into the approoomate form for small anj^es 

From the former equation 



dn «{sin * — cos * tan r) 
or apprcsiniately, again, 

dn t(jt— 1)» 
Hence, if A* conesponds to x fringes, 

A- * V ., 

Again, for the coiresponding normal displacement A^^ d the micrometer at 
the opaque mirror, 

xX— aA^cos $ 
Hence 

tHjt— i)A*' aAA^cos 9 
*" Ji " X 

The data ^ven in table 3 1 were found from successive positions fA the plate 

#»o.705 cm., while the center 6t dlipses moved as in figure 78, at the D hne. 

Table 31. 





Center «t 


lOW 


loViJV 


' 




i 


AJ 


X 


Bottom 

Middle 

Top. 

Bottom.. . . . 

Middle 

Top 


I3.6' 
ia.5 
1 1.5 

7-5 
6.7 
59 


i.i 

0.8 


18 
'5 


35 
III 

::5 


'9" 

7 

4 
3 


aV 
•7 

8 


•-45* 
»:-i.a7iAi 

io<X-59;M-r53 



In view of the smaD vahies d AiV and At and the estimated it and 9, the 
two sets of vahies ol s are do mote d i vergent than would be expected. The 
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values of t are very different in different adjustments, because the ellipses 
may also be raised and lowered by rotating one of the opaque miirors, as M, 
around a horizontal axis, though in this case with rapid loss (A sharpness. 
Here the rotation of both miirors of a pair, M' and M for instance, by the 
same amount, is required as an equivalent to the rotation of the compensator, 
as has been stated. Tlie aim is to render both parallel pairs themselves paralld. 
If xX is eliminatfd from the two equations on the preceding page. 



" t-2&Ncos9/eiAi 
Tbe above data are inadequate for evaluatii^ it, but they nevertheless 
indicate a value entirely too low. It seems, therefore, as if sotne essential 
term has been left out of aght. This is also to be inferred from the values 
of X, which differ systematically on the two ades of the table 31. 



inteiferoroeter. S — 45°. 



i 


AWXio" 


f 


»■ 


AJVXio" 


*• 




cut. 






CM. 




+"■5° 


a.6o 


1.S6 


- 6-5" 


.60 




10.5 


1 


W 


1-47 


- 85 


i.ao 


1.S6 






as 


1.51 


-10.5 


1.75 


1.5a 


«-5 




70 




-1 2.5 




1.56 


4-5 




4S 




-14.5 


l^ 


1.51 


a-s 




JS 






'■57 


± 0.0 








-18.5 


5.60 




- 4-5 


.30 











« \ 








« \ 








.J 




79 
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1 


.1 






1- 


f i 


* \ 


^ 



t(r $^ leff m m 



In view (rf the discordant results obtained here and elsewhere with this type 
d rotating compensator, the provisional puts of the apparatus were improved 
by mounting a more accurate graduated circle with vertical axis and tangent 
screw. A good plane-^iarallel plate of Uiickness « = 0.434 cm. and refractive 
index /i=r.53 was then adjusted normal to the ray pasang throu^ it, by 
notit^ the portion of reversal of motion of the ellipses both when the plate 
-was rotated around a vertical and around a horizontal axis. The data of 
table 3s and figure 79 were found while the plate was rotated on its vertical 
axis both in a docJcwise and counter-clockwise direction from the normal 
portion. La the ftxmer case (left side of curve) the normal position showed 
the same constants before and after, la the latter this was not quite the case, 
the micrometer being not sufBdently refined for such purposes. 

The results for it were computed from the full equation 



A^cos ff=ean' 



K-0 



They are as good as die small values of AiV and the impossibility of obtaining 
the zero of i with suflSdent sharpness admit, and they show that the latter 
cause adequatdy explains all the irregularities encountered. 
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The equations are liable to be cumbersome in the cases of greatest interest. 
I therefore proceeded e]q>eiimentally to obtain a. limit (^ M or ^ per fringe, 
using thinner glass compensators. Tlte results are given in table 33. Tl» 
dHpses were now so large and distorted that it was difficult to d^ne the 
center of irregular rings. The transverse displacement is tber^ore largely 
referred to the top, middle and bottom of the spectrum band, which took 
up about one-third of the bds^t or diameter <d the field ci the telescope. 
Tbe angular width of the latter bong about 3°, the corresponding angular height 
ct the spectrum is thus about 1.0°. In view d the large rings, moreover, the 
displacement AAT at the micrometer of the miiror M' is difficult to obtain and 
the data given are estimates. Experiments like the present must be made 
with optic plate-glass, so that sharp rings nearly circular may be obtained, 
if the data are to be quite satisfactory. In table 33, M thus corresponds to 
a transverse displacement of one component ray parallel to itself, equivalent 
to a displacement of the centers ctf eUipses of about 0.5° at the sodium line. 

Table sj.^Vertical (transverse) displacement of eUroses. Glass-plate 
compensatofs f>'i-S3- Horuontal tuds. Angle of telescopic fidds*; 
aneidar heubt of spectnim about 1.0' or 0.175 radian. Vertical 
diwoeter 01 first frii^ in excess of height of spectnim. 



Fringe centers at 


. 


•■ 


k 


AAXio* 


iWXio* 
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The mean result of all data is here about M=o.oo3 cm., and this is not 
influenced in a discernible way, other by the thickness of plate e or by the 
rotation an^ of the cconpensator i. The smallest value M—o.ooia cm. 
appears incidentally and not when the system of four mirrors is most nearly 
in parallel adjustment. The transverse displacement of dlipses dianges sign 
with the sign ot the rotation of s in all cases and is independent of the normal 
position. The longitudinal displacement reverses at the normal position. 
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63. Broad sUt Interferences. Achromatic fringes. — Some alluaon has been 
made above to a type of interferences totally different in aze from the r^ular 
fringes and seen in the broadened slit. These were finally ist^ted and show 
exceedingly interesting properties. They appear to best advantage, in the 
absence of the spectroscope, in the broad white field of a very wide slit. The 
latter may be removed. They have the appearance when vertical of regular 
Vraing or Presnellian fringes, very sharp and fine, adiromatically blade and 
white at the middle of the grid, colored and &inter outward. They are 
vertical when the enormously larger spectrum fringes discussed above are 
centered. Like these, they partake of displacement here through the broad 
white slit image, and this displacement is extremely sensitive in relation to 
the displacement of the opaque mirror M' (fig. 73) to whidi it is due. Thus 
a displacement of iN= io~* cm. of the latter corresponds to a mardi of fringes 
through about 0.017 ol the telescopic field of 3°; i.«., to 0.05°. This comprises 
two fringes or AAT^sXio-* cm. per fringe. Now, these fringes are so 
sharp and luminous that it should be possible on proper magnification to 
measure a few hundredths of this with an ocular micrometer. It is iiota this 
point of view that I r^ard the new fringes important. They supply the fine 
fidudal mark in displacement interferometry for which I have long been 
seeking. They appear in a white field, thus requiring no spectrum resohttion 
nor monodiromatic li^t. Moreover, the source of lij^t need not be intense. 

To have a distinctive name for these fringes which will be mudi used in the 
work following, I shall refer to them under the term "achromatic fringes." If 
not too large, the central fringes are straight and almost quite blade and white. 

The displacement of fringes with AN a.t the mirror (when nX^aA^cos 9) 
is so raind that if they are lost it is difficult to find them, unless the centered 
large spectrum frii^es in the spectroscope are first reestablished. The latter 
are easily found. A removal of the prism gratii^ g, figure 73, and a widening 
of the slit show the achromatic fringes. The datum for sensitiveness may 
be found directly as follows: The displacement at the mirrors corresponds 
to about two residual fringes, llius a sing^ fringe (distance E^>art c^ the 
intensely blade lines at the center whidi can be distinguished and used as 
fiducial lines for this very reason) cotiesponds to a displacement of mirror 
of AN=$oXio-*, as above. Tlie white pattern, as a rule, appears but once 
and is not usually present rhythmically, as is the phenomenon in the next 
section for homogeneous light. 

As a due to the nature of the residual fringes, one may note in the first 
place that they may be recovered in the prindpal focal plane, if the two white 
slit images which may have separated be put in ccnnddence. 'V^thout sudi 
ctnnddence they are seen sharply in other focal planes. 

Later, on more careful adjustment as to parallelism by the auxiliary normal 
method described below, periodic reappearance of the achromatic fringes 
was in fact obtained. The central set was exceedingly strong and sharp as 
usual. To the right and left of it similar patterns or groups ra^ridly decreaang 
in strength were discovered. Not more than two patterns on eadi ade of the 
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central set oould be seen. The white field between the patterns was several 
tbnes the width of the frii^;ed fidd. Each group as a whole resembles the 
fringes ot the hiprism, as usual, and they difiEer appredaUy only in intensity 
and in their focal planes. It is difficult to account for this periodic reappear- 
ance; but it must be due to reflections at the half-silver sui&ces. The reflec- 
tions from the uncovered surfaces are indeed just viable, and naturally, since 
they are duplicates, they also carry the fringes. But they are easily difier- 
entiated by the relative faintness of fidd and have nothing to do with the 
recurrences in (juestion. 

Ordinary dayli^t is quite adequate to show the residual &inges in the 
complete absence oi the collimator. They are superimposed on the fidd ot 
view (landscape, etc.) and hence wiU subserve other purposes than are here 
given. When the adjustment for parallelism is not sharp, the fringes may 
oftea be found strong in continuously varying focal planes. 

64. Wide Blit Homogeneous Itgfat Sodium flame. — ^A ftuther clue to 
the nature ot the teadual fringes will be obtained when white light is replaced 
by bomc^eQeous light. A strong, large sodium flame near the mirror M, 
figure 73, suffices. The fringes now appear of the same 
size in yellow E^t, naturally spread over a much 
larger area of field. But on moving the mirror M' 
(AAT increa^g continually) forward very gradually, 
the homogeneous fringes alternately vanish and reap- 
pear, eadi time, however, enlarged in size (nearly 
doubled but still straight) until at an intermediate 
position of symmetry enormous round ovals cover the 
yellow fidd. The fringes then dimtnigh symmetrically 
in the same way. The fotlowii^ data for the microm- 
eter position corresponding to [the dearest demarca- 
tions ti fringes are illustrative. At least ax periods 
(n) are eaaly detected on each ade of the ovals 
(n-o). Thus((niginally8mallfringes,vertical,increaanginsi£etohugeovals) 
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These intervals, since it is imposable to estaUish the maximum states of 
presence or absence of fringes quite sharply, are practicaUy equidistant, as 
figure So indicates. ThusthemeanperiodolreappearanceisAAr- 0.04a cm.; 
or a path-difference <rf a&AT cos 9-0.059 c°-; or <^ ^^ ^^ ^y parallel to 
itself (aAATsin 9—0.059 cm.) of the same amount. 

The reason for this rhythm can only be the two wave-lengths of the A 
and D% lines c& the sodium flame, originally detected in the ocdors of thin plates 
by Ficeau. Hence a relatively enormous shift of micrometer d neariy 0.5 mm. 
is equivalent to the wave-length mterval AX-dXto"* cm., or &S/&N~6X 
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io-*/43Xio-*— i>4Xio-^. Treating the case in terms of the interfereDces c£ 

thin plates and two wave-lengths, X and X+dX, 

^ , AX Am I , . . , 

«X-coDStant, or ———— -for each penod 
X n M 

YrbSib 

nK~— = a&Noos9 or AW-X'/aAXcos « 
AX 

since (0~45°} approxifflately, 

X=6oXio-* cm., AX = 6Xio-* cm., cos ^=0.71, AJV=o.o4i cm. 
agreeing as nearly as may be expected with the experimental datum. Hie 
apparatus thus serves incidentally for investigatii^ sudi properties of spec- 
trum lines as Mit^elson in particular has detected. Finally, with the sodium 
arc the data ot figure 8r were found, where black dots denote fringes, open cir- 
cles a dear yellow field. The mean trend is about A7V— 0.043 C"- pcr period 
or wave-length gained. White fringes coincided with k— a. 

'^th white h^t the interference grid does not usually reappear rhythmi- 
cally, nor does it oorrespcmd to the zero period of figure So — i.e., to the ovals 
for sodium light. It was exactly cf the size of the fourth period, in ydlow 
light; it fdways cdncides with the central ellipses ol the spectroscope as stated, 
but does not require sharp horizontal and virtual coinddenoe ctf the super- 
posed inures. The ref^ipearance oi the achromatic fringes obviously depends 
on conditions different from the case of sodium light. 

In a flash of the arc, showing many sharp spectrum lines in all ocdors, each 
of the lines gives evidence ti the phenomenon — i.e., if the re^ual fringes 
are obhque, eadi such line is stron^y hdical in appearance. 

If a single compensator (t-v., a ^lass plate in one interfering beam) is used 
and the path-difference annulled, the fringes are visible ^ain, but very rapidly 
grow smaller with the increase of glass-path. If compensators of nearly like 
thickness and glass are tised in both beams, they nearly neutralize each other 
if at the proper ang^ one to the other. But there is almost always an out- 
standing micrometoic difference in thidmess Of ordinary glass plate is used) 
d great importance in modifying the residual phenomenon. The following 
experiments, for instance, were made mth a compensator 0.944 cm- thicJc 
intherearandcgsScm. thick in the front beam, both of the same glass. The 
half-olver mirrors were 0.7 cm. Hack. The wide-sht experiments are supposed 
to start after &b spectrum ellipses first to be found (fine sUt) have been cen- 
tered. The fringes are always dear and very sharp when the white slit images 
accurately odncide. 

^th the compensators A, B at the proper anj^e and rotating in the same 
direction (fig. Sa), fringes oS. very slight enlargement were seen with the lines 
neariy vertical. If the compensators A, B were rotated at a pr(q)er pace 
in the opposite direction to each other, A, B, figure S3, the fringes f and f* 
grew rapidly smaller and turned toward the hcnizontal. ^nce the fringes 
are large drdes and the beams here rise and fall, respecCivdy, iriiile a greater 
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^ass tUdmess is introduced, this result is to be e3q>ected. It shows the im- 
portance oi the differential gjass-path. 

The preceding thick half-alver mirrors (0.7 cm.) were now replaced by 
thinner half-silvers, the glass plates being each about 0.3 an. thidc. The 
Erii^:es after being found had not appre- ||| 

dably dianged. Another pair <^ half- J 1. |^; 

silvers ot the same thickness was then VJ; ^ | |i> ' ^fjt' , Si /^ 
installed with like results. But now, \^ | P ' X /%^ o« 

on adding the compensators (0.944 and At/ <v ^^ ai - 

0.958 cm.) as above, a marked enlarge* 82 ^ -^ ^J'^ r-'^C, 
ment of fringes resulted. Small differ- /* X* ■^ W 'n 

cntial thidmesses must here have been "^ ' 

accidentally compensated. Opposite rotati(His, as in figure 83, rapidly pro- 
duced very fine, nearly horizontal fringes ff. Rotation as in figure 83 
left tiie vertical fringes neariy intact, but on pasang from the podtion AB to 
A'B' very mailced enlargement occurred, as fdlows: 

Mean angle of glass plates. — 43* o* +45* 

Mean angle subtended by 
one fringe in the telescope. 0.0015 ^^ 0.008 rad. 0.0005 ^^■ 

The compensator plates were now exchanged and the fringes found after 
centering. They proved to be very mudi smaller, the ang^ subtended in 
the same tdescope beii^ only about 0.0003 radian. The preceding accidental 
compensator has therefore been destroyed by exdiange. 

On passii^ through the normal position of aoB plate in figure 83, the frillies 
usually tndine toward one ade or the other. Thus there can be little doubt 
that the fringes in question are due to slight difference of glass-path or ts.- 
tremdy sharp glass-wedge excess in one or the other component beam. In. 
fact, I found eventually that fringes could be enlarged by rotating the proper 
compensator around a vertical axis. Large fringes (up to 0.003 radian in the 
given tdescope) are usually colored and curved and not so available as smaller 
fringes highly magnified. It is in this way (double rotation) that it was pos- 
able to make the white fringes coincide in otAa with the ovals <^ the fringes 
for homogeneous light (mbq), the (Ktlers met with above being the n= 2 and 
n«4. The fringes resemble those of Fresnd's biprism; but as they are seen 
with a wide slit or tn the absence of a slit (Hily, as they coincide with the cen- 
tered q>ectrum dlipses of a fine slit and as they are a definite (»der (second, 
for instance) 6t the fringes seen with a flame ci honu^eneous light, they are 
necessarily referable to the cdors of thin plates. 

Hence the equation for these binges may be assumed to be (as may be 
seen from figure 84, where A and B are the compensators) 

hX=»(*— eO (jicos (r— Of)— cost) 

when « and «' are the thicknesses of the two half-^ver plates, p their index of 
refraction, « the angle of incidence, r the ai^le of refraction of an inddent ray, 
and where a is the outstanding angle between the &ces c£ the differential 
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glass wedge, 9—t^ thidc at the ray in question. Tlie posa^ty of throwing 
these fringes into any order of size, their small extent, sharpness, and great 
abundance of tight constitute their value for measurement. 

Thus it is furthermore obvious that the adiromatic fringes must also be 
obtainable in Michdson's interferometer, in any order of size and in a field of 
white light. Tests were made with this object, be^nning with the fine slit 
and the centered dlipses of the ^)ectrum interferences. Removing the spec- 
troscope and enlarging the slit indefinitdy, the readual fringes appeared. 
They were never so strong and clear, however, in any order, as was the case 
with the Jamin interferometer, although many trials with different compen- 
sators were made. They would not be useful for measurement. Removing 
white light and repladng it by sodium light, the white fringes were found to 
be c^ exceedingly high order, more than 0.7 cm. c^ micrometer-screw being 
needed before the circles of the yellow field were approached. The latter 
were very vague and usually not seen in the principal focal plane of the tde- 
scope. Since the rays retrace their path in the Michelson interferometer, the 
raiang and lowering of the spectrum dlipses is not possible; but the residual 
fringes may be put in any order by changing the differential glass-path of the 
rays. They appear but once, not rhythmically like the sodium fringes. 

The equation for this phenomenon would thus be (since the rays retrace 
their paths) 

»iX=2e/iCOS{r— a) 
where « is the thickness (^ the sin^ half-alver and a its effective wedge angle, 
positive or n^ative. 




To obtain the circular frii^es in Michelson's interferometer with a wide 
slit and homogeneous light, the rays must rigorously retrace their path — 
ix., all reflection must take place at the same spot on the half-silver plate. 
When this is the case the fringes, even though obtained with common plate- 
gjass and a sodium Same, are beautifully circular and sharp. This is due to 
the fact that so small a part of the plate is used. They are stationary and 
exhibit the Fizean periods due to the doublet DJ~>\, admirably. With white 
lig^t the fringes are faint and useless. When the rays do not accurately 
retrace their paths — >>., when there are two ^x>ts <A light on the half-silver 
one or more centimeters apart — the fringes are soon linear and very small, 
as above. 

With r^ard to the last equation, if A^ is the difference d normal distances 
to the two opaque nuirors {M, N) of the Michelson interferometer, from the 
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two respective extremities of the normal to the half-salver, at the point where 

the incident ray impinges on it, the equation may be more ccHni^etely written 

(i) «X-2CmcosR— aW 

if a is tempcn^rily disregarded. N is ind^)endent of color X, but otherwise 

represents the difference of air-paths of the two interfering rays. From this 

equation 

, . ^ ^ 

d« " a«0. cos R- (X/cos R) idft/dK) ) - sAT 
so that the center of dUpees is at X in the spectrum when 

(3) N.N.-,La«R ^^) 

Purthennore, 

( 1 — ^ 

dN ' N-N. 

and « "= ~ -~ depends essentially on -— 

cos ii dX dX 

On the other hand, in case of homogeneous light (£ wave-length X, 

, , d» X X 



dn 211 COB R. (de/di) — a* tan R cos t hk(d*/e)/di— a« tan R cos » 
where d»/di may be either positive or negative. 
Centers occur when 

,,, d» e tan i? cos* £te „ 

(6) -T.-= p Of -i^'ftaaR 
at pcosR dR 

Thus di/dn is never independent of X and the centers of equatioa (6) are, as a 
rule, quite different from those of equation (3). If the angle a is admitted, 
equation (6) takes the torm 

de 

(7) j" ^* **** R(,i — 2«/an 3R) 

The occurrence of the residual fringes for the same adjustment of the 
micrometer as the centered spectrum fringes is thus incidental. To obtain 
the latter the two superimposed spectra of a fine slit must coincide horizontally 
and vertically throughout their extent — i.e., the two linear white slit images 
must cdncide. If now the slit is indefinitely widened, there are two vertical 
lines in the superposed broad white im^es iriiidi are completely in cmnd- 
dence. In case of ordinary plate-glass the remainder of the images will not 
be mutually in cornddence or generally there can not be ccnnddence in every 
txAoT. The residual or achromatic fringes are found at and near the line of 
cdncidence in question. Hence if either opaque mirror is slightly rotated 
OQ a vertical axis the residual fringes pass f rom ec^ to edge of the broad 
white slit images, 5 and S', figure 85, of slightly unequal width. Thus if the 
mean breadth is S and the difference of breadth &5S'~S, the very small 
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an^ corresponding to ^ is measured by the motioti of the fringes over tbe 
relatively large anj^e 5. Hence this is a senative method for measuring an^es 
which will be utilized below. 

Finally, the cause of displacement is to be given. If the fringes were homo- 
geneous in li^t, they would fill tbe vbdle field and amply wander indisdn- 
guishably to or from the center of homogeneous circles when the micrometer 
is moved. But when irtiite lij^t is used the phenomenon is nairowed to a few- 
fringes systematically grouped about two sharply distinguishable achromatic 
vertical fringes in the middle. The displacement of these is thus accuiatdy 
measurable and th^ may always be brought bade to the field of the telescope- 
Moreover, the distance apart of two blade fringes must correspond to the 
mean wave-length of light — >.«., if AN is the disfdacement of the micrometer 
mirror corresponding to a fringe-breadth for the ang^ of incidence i (here 45°), 

a&Noo6i^\ 
or 

AW-X/acosi—doXio-^/aXo,;©; — 43Xio-*cm. 

agreeing reasonably closdy with the above rough estimate c^ AJV— sX io~* cm. 

If we take the equation for the residual fringes in the Jamin apparatus as 

mX"«Oi cos i?— cos t) 

where <-«—«' is the difierential thidmess of the compensators and the residual 

ai^ a is Delected (fig. 84), 

di__ X 

dn (it cos R— cos i) {dt/di+t sin R/n cos R) 
so that for large fringes the compensators must be so chosen that both < and 
dt/di may be small, where dt/di may be either positive or n^ative. 
The last equation may be written 

di I 



and accounts for the rapid decrease of size of fringes with the diSerential 
thickness erf the plate ctmipensators. 

65. Vertical displacement — ^In condu^on, the rise and fall of spectrum 
fringes («.«., tbe transverse motion observed and utilized when a compen- 
sator of the form figure 77 rotates on a horizontal axis) must be conadered. 
This method was used above for centering / 

the spectrum fiinges. Naturally the actual £'-._? °^ 

motion of centers is oldiqudy upward or ^ . '. ^ _ 

downward, unless the increase of ^ass- ^ ** 

path is compensated by the micrometer at the opaque mirror. The rays 

leaving the collimator are paralld in a horizontal plane (»ily. They are 

not ccdlimated in a vertical plane. Hence these rays intenect at the 
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conjugate focus ot the objective of the cdlimator, usually somewhere 
between the mirrors M M' and N N' ia figure 73. This intersection is nearly 
in a horizontal line, owing to the horizontal width of the cdlimated beam. 
Hence as in figure 86 there are two virtual linear sources erf lig^t, a and 6, nor- 
mal to the plane d the diagram, the rays fnnn which may be treated for 
practical purposes as capaMe of interferii^, dnce they come originally from 
the identical slit of the collimator. The effect of rotating the compensator 
(fig- 77) OQ & horizontal axis is thus to move these linear sources, a and b, 
through each other vertically, and hence their distance apart may be called 
k, where if d is the ctmipensator thi^lfrwcs, i, r an^es fA incidence and re- 
fraction at the compensator, fi its index of refraction. 



h ^d (an »— cos t tan R) '= 



ul^-1 



nearly 



The fringes wiU thus be larger as A is smaller (fig. 86), in accordance with 
the equation 

I--- 

h r 

vrbere x is the distance apart for the distance r and $ the an|^ between two 
fringes observed in the telescope, for instance. 

Experiments were made to test the last equation by attaching an ocular 
micrometer to the telescope, so that if x is the distance and r the length <d 
the tdescope, 9 is given. The distance between frii^es in the same part of 
the field was then measured from different an^es (rf incidence * at the com- 
pensator. The results were, if X— 6Xio~* cm., r— 19.5 cm. (tatJe 34). 

Table M- 



• 


AXio> 


(X/*)Xio» 


* 


(•/rtXio* 


0* 

1:? 

8.6* 


40 
51 


3.8 

1.5 


<o.3) cm. 
.05 
■03 


2.6 
1.5 
1-3 



These results for tf-X/ft and 9— x/r may therefore be conadered as iden- 
tical, since the fringes vary in size within the field <d the telescope. 

Finally, a displacement AAf at the opaque mirror will move the virtual 
sources a and b in a horizontal plane, aA^/ cos / in the direction of rays and 
3AiV sin / transverse to that direction if / is the an^ d incidence. Hence 
b is usually found at some point c and moves into c' by the rotation of the 
compensator in question about a horizontal axis. Tlte fringes do not there- 
fore necessarily pass through infinite aze unless c is at 6, whidi would then 
pass through a. The condition cf maxtmiim aensitiveiiess in transverse 
diq>lacen)eDt is therefore a lai^ fringe-an^ $, a condition which requires 
use ot optic plate. Fringes subtending 1° would admit erf M— 3.5Xio~*cm. 
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per fringe, and that is about tlie mean vahie obtained in taUe 33 and else- 
where. In the present mode of treatment merely practical conveniences are 
aimed at. A more uniform method will be given in the next chapter. 

66. Anfular displacement of frb^s. — Having for other purposes installed 
an ocular micrometer in connection with the t^escope, it seemed worth while 
to make a direct test oi the equations given dsewhere.* These are apart 
hoai agns 

dX Xg f tan'R /rfAiV fP;*| 

dN.'^cosRi ,1 \dK/ dX J 

When it~A+B/\*, \—D (sin 1— sb 9), and when two i^ates, the balf-alver 

<^ thicknefis « and an^es oi inddenoe * (constant) and of refraction R, and 

a compensator tjt thickness E and at normal incidence are induded, these may 

be cb^iged to 

d$ \ ( 1 J 



dN, i3B/V)Doo^e 



osRV 



3+ 



3B tan*J?\ 



jE 



Hae d9fdNt is the displacement d the center of ellipses per centimeter of 
displacement of the normal micrcaneter at one opaque mirror of the Michel- 
son device, for the wavelength X. D is the grating constant and 9 the an^ of 
di&action. In the apparatus used £>«°i67Xio~* cm., 9— 3o°4o' at D line, 
*>b3o°, R^i^" 5' in case <rf glass and 17° 53' in case c^ carbon-bisulphide 
plates; X"58.si3Xio-* cm.; 5-4.6Xio"»' or iB/>?=o.03f>%, >i-i.S3 (^ass). 
Under these drcomstances the term 

»B tan* Rfifn « 0.003 1 
and may be neglected in ccmparison with 3. Thus the equation takes the 
simpleT fonn 

d9 _ X 1 

dW," (6BA') ^ COS « £+«/cos R 
The values dt £ and t are given in table 35. The data marked d9/dN, (com- 
puted) in the taUe were found from the last equation. 



Tablb 35. 



by glass thiclmess. D~d/oo 



)— 30*, R— ig' 5' (glass), 17" u' (CSi), oompensators nonnal. Glass: 
/1-1.63. Telescope 19.5 cm. long. 3flA'~o-*»65- D""i67Xio-* 



Inddenoe at 
Sd-jO" 40*. 



Detail. 
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E 


Glass. 
ed/ixsR 


CS, 
E/cosK 


Tottl 
£'±£ 


dx 

dN. 


de 

dN. 

obGerved 


dt 
IN, 

puted. 


Glass+CS,... 
Glass+glass 

Glass 

Glass-glass 


+o.a7t»o.37 
0.695 
.695 
■695 
.695 


cm. 
0.60 
-Sfa 

■347 
.563 


cm. 

.0 

-735 

■735 

■735 

.735 


^247 
.56J 


1.397 

ill 

■'73 


183 
500 


1.70 

3-3 

6-5 

& 


37 
6.5 
97 
37.6 
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If X is the displacement in centimeters in the ocular, i^x/19.5, the denom- 
inator being the length of the telescope. The succesave values erf x in tenns 
of N, the mirror disjdacement, are given graphically in figure 87 for the dif- 
ferent values (rf E'—E+t/coB R in questitm, and from them d$/dN, was 
tal^n graphically. All the corves are appreciably strai^t, except the one 
for £'- 1-3 cm., which is defimtdy curved. 




The values oi d6/dN, observed and oonqnited obviously agree as dosely 
as may be expected for mean conditions of the q)ectium between green and 
red asA of the mode d procedure. The small coefficient for carbon bisul- 
phide is, OKffeover, in kee{Rng with its large value ti B ot high ^spts^aa. 
In a sensitive displacement interferometer B like E'D should all be smaQ; 
but unfOTtunately this implies large ellipses. The beautiful small dlipses 
obtained with the carbon-lnsulphide plate are of little avail because oi their 
sluggish motion. In fact, the small thickness of the carbon bisulphide layer 
and the reduced coefficient observed are quite striking in coRipariscK) with 
glass. Moreover, snce for an order n 

dn' 



3Dco&$(oosR+aB/\*cosR)~N 



Ute effect of a large B, though it reduces the general aze ol dltpses, does so 
but slightly, since the tenn in fi can not be taoee than a few per cent {3 to 6) 
of the other term in the binomial. 
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CHAPTER VI. 



THE DI8PLACBHBHT INTBKFEROUEIRT OF SMALL AKGLES AHD OP LONG 
DISTANCES. COHPLBHEHTART FRINGES. 

67. Parallel rays retracing their path. — The following method was devised 
with a view to the micrometric measurement of angles. It will be used else- 
where in omnection with an electrometer for reading microvolts. An inter- 
ference method d a different kind for measuring small aisles was developed 
some time since and used at length in connection with the deviation of the 
horizontal pendulum.* Again, the 



electrometer was treated in different 
wayst by the aid of the interferom- 
eter. The present method, however, 'W'. 
will differ from all of these. In figure 
88, L is a horizontal beam of white 



i^ 



-A' 



iLj 



S> 



,^ 



^^, 3 



v^ 



^% 



r 



light &om a oollinmtor after passing 
through the auxiliary dear plate P 
(to be used preliminarily for paral- 
lelizing the mirrors of the system 
in a way presently to be shown), 
the beam is reflected at a and h by the half-silver plates Hi and Hi respect- 
ively, to the wide opaque mirror m. The rays now retrace their paths 
or nearly so, to be in turn transmitted at a and b by the half-silvers 
Hi and Hf These transmitted pencils similarly impinge oa the opaque mir- 
ror M and the half-silver Ht at c and d respectively, and pass thence (the ray 
from c being transmitted) into the telescope at T. The direct-vision grating 
prism g may be swiveled in place or removed at pleasure. 

To bring the system of four mirrors into complete parallelism is here of 
considerable importance if the spectrum fringes or the achromatic phenomenon 
are to be adequately lai^ for measurement. The presence of the common 
mirror m, however, suggests the procedure. When the clear plate P is in 
place, the rays ae and 6/ on retiuning are also again reflected at o and b toward 
L and may be clearly seen in a telescope at p. Hence if m is the standard 
plane and nearly vertical, the mirrors Hi and Hi will be parallel when the 
slit images seen at p coincide horizontally and vertically, while Hj, Hj, and m 
will have their oanmon normal plane in the diagram. In the same way the 
mirrors M and H» may be parallelized with their common normal plane in 
the diagram. Again, the return rays aL and bL may be projected on the 
objective of the collimator, w on a small screen near it, by correspondingly 
focusing the coUiinator. The two sharp sht images are put in ccnnddence 

* Caniesie Inst. Wasli. Pub. No. 339, \ 19 el seg., 1915. t Ibid., { 67 el teq. 
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horizontally and vertically. Ttiis is usually more convenient and as a nde 
adequate. Other methods are given below. 

If the distances ac and bd, ab and cd have previously been made neaiiy 
equal and the angles approximately 90', the fringes will usually be found on 
moving the nucrometer-ficrew ncmnal to H|. 

As the mirrors are thick glass plates, it is preferable that the half-eilvered 
^des of Hi and Ht be toward L and the half-silvered side of H^ toward T. 
In this case eadi ray passes the plates twice, as indicated in figure 88. ^th 
ordinary plate-glass the fringes when found are still apt to be small. They 
are then to be enlarged and centered, by compensator of dear gjass C and C, 
in the two rays respectively, rotated in opposite directions around a hori- 
zontal axis until the center of ellipses is in the field of the spectroscope. It 
may be necessary to actuate the micrometer-screw at <2 to complete the ad- 
justment. If m is adjustable on two axes, the compensators C, C are super- 
fluous, as will presently appear. 

When the elKpses are centered, the direct-vision spectroscope g removed, 
and the slit widened or removed, the readual or adiromatic fringes appear in 
aght and are ready for use. These are always strong. The spectrum fringes 
are apt to be less so, since the parts of the ray L pass through two half- 
silvered sadaoes, H\ Ht or Hi Ht, in succesaon. The spectrum frii^es are only 
sharp vben the slit is fine. If the white reddual fringes are too dazzling, a 
an^ or two half-divers may be placed before the objective of the telescope 
with advantage. Two plates with their half-dlvered ddes in contact and 
held so by a steel dip are excellent for this purpose, while they are at the same 
time protected &om sulphur corrodon. This, in fact, is the best method ctf 
preserving diver mirrors (in paiis) when not in use. 

If a is the fraction of l^ht transmitted and i — a reflected, the fracticni of 
the original light L readiing the telescope T will be 20^(1 — tx)*. This is a 
maximum if a~}4. Thus the iUumination is reduced to )i. 

When the spectra are in coinddence and the fringes sharp, the miiror m 
may be rotated around a vertical axis at A into some podtion, m'. In such 
a case the two spectra will move through the fidd of the tdescope at 7", but 
thdr coincidence will not be destroyed. The D Unes, for instance, will con- 
tinue to be superposed throu^out. Considerable path-difference is, however, 
introduced in this way, and hence the fringes will march through the spec- 
trum at an enormously more ra^nd late. The following data may be given, 
where o is the angle of rotation of the mirror m and N the reading d the 
micrometer at Ht (screw in the normal dn) necessary to bring the center of 
ellipses back to the sodium lines. In both cases the centers were out of the fidd 
above or bdow, so that horizontal fringes were made the criterion lor adjustment. 
This method is somewhat rough, but adequate for the present purposes. 

(1) Fine thin frinm 

^lickness of glass platca (balf-^TetB), 

0.50* 
358 



Digitized DyGOOgle 



THE INTERFEROHETRY OF 



This is curve a in figure 



From it the mean rate 
0.47 cm./degree, or 37 cm./radia 



may be found. 

(a) Coarse large fringes. Smaller differential glasa-patli. 
«■ o" O.I* o.a" 0.3' 0^4" 0.5° 0.6° 0.7° 0.8' 0.9" i.o' 

ffXitf--25 +>9 84 '34 '76 "7 "65 3»3 3*5 4M 4*7 cm- 

This is the! curve given (with double ordinates for distinction) in curve b, 
figure 89, and in figure 90. Besidesthis thedatum a=— 0.6°,^^— — a330 cm. 
VBS obtained. In figure 90 the mean rate is 

AW 

-- — =0.465 cni./degree, or a6.6 cm./radian 

agreeing with the preceding as closdy as may be expected. We may thus 
estimate AA^=37Xio^ of displacement at the micrometer at Hm per micro- 
radian of tum a at the tmnoe m, wfaidi amounts to a little less than one 
interference rii^ per nucro-radian (about 0.3 second of arc) o£ tum. More- 
over, turns of a less than a few d^rees are certainly measurable. Through- 
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out all this work the achromatic frii^es are also available for predaon in N, 
but for this reason are more difficult to manipulate if individual fringes are 
treated. They may, moreover, be mudi enlarged by rotating the m ir ror m 
and advancing the micrometer at Ht in small steps in such a way as to pro- 
duce contrary eSects and thus keep the achromatic fringes in the fidd. Ti 
the fringes leave the principal focus, the micrometer at Ht and its adjust- 
ment screws may be actuated together in the same way. This is the most 
available method for eliminating the glass-path, so that enormous spectrum 
ellipses are obtainable. Finally, three groups of achromatic fringes (on 
eadi side of the strong central group) were noticed, the distance apart of 
groups corresponding to about AA^=o.ooi4 cm. 
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It is obvious that 2A^ cos i vnU increase with iR, the distance apart ol 
the parallel rays ae and bf, figure 88, as well as with the rotation a. But the 
relations are not obvious, and e]Q>enments were therefore made for the rela- 
titm (tf AATand a in case of difierent distances apart (aR— lo, ai, 35, aS cm.) 
of the rays in question. The results are given in figure gi, where the abbre- 
viation r— A/V/Aa. In figure 93 and table 35, furthenncre, this value, as 
obtained from figure 91 grai^cally, is compared with aR. Ilie results are 
not quite smooth; but as aJ? is the distance apart of two spots of li^t, it can 
not be specified sharply. Moreover, a variety of other discrepancies of ad- 
justment enter whidi need not be detailed here. From figure 93 it appears 
that on the average r/aR -•0.034 in terms of d^rees or »>i.3S in terms of 
radian. Hence we may rnnaAi-r an equatioa of the fcxm 

sRAa-AA^cost 

So computed cos i would be 0.73 instead c^ 0.71, but the difference is refer- 
able to the outstandii^ glass-path and outstan^ng Eur-paths which have not 
been included. 

6S. Groups of achromatic fringes. — ^th the good adjustment stated, a 
number of further experimental measurements cf the mean position (AAO <tf 
the binge patterns on the micrometer at Hi were made, with results as fol- 
lows: The mze of the individual fringes was about 0.0335/35 —0.00064 radian 
in the telescope at T — i^., about 0.034° <^ arc. The fringe patterns will be 
dedgnated primary, secondary, etc The data are io*AN cm. 

Tertiwy +a.6 2.7 3.7cm. Xior* 

Secoftdaiy 4-1.3 t.3 ij 14 1.4 

Primary ±OA 0.0 0.0 0.0 0.0 

Secondary —1.3 i.i ... 1.3 1.3 

One group was visible on one ade and two on the other and one or more 
frequently escaped capture by the micrometer. The wave-length difference 
of these positians is exceedingly smalL Uang the above expresaon, AX — 
XyaAATcos^. 

AX--3 — — — — ; -i.9Xio-*cnL neariy 

aXi-3X io-»Xo.7i 

But there is no suggestion in this datum. The displacement A^ is 
equivalent to a glass tWrlrTwsi f, where AAT— ^Oi— i), roughly. Hence c— 
i.3Xto~*/S3*o.oo35 cm. This piedudes the posability of rcfiections from 
the two sides ot the half-alver fihn, since this is about 1,000 times thinner, 
Kptat from its index of refraction. 

Some experiments were also made with the primary achromatic fringes 
(treated as a single group and not individually, as the angle d measurement 
ot a was not correspondingly delicate) to determine AA^/Aa. Two series 
with different ad justments showed results as given in table 35 (^aR — ai an.). 
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Fringes- 


Series I. 


Seri<»II. 1 


a 


WXio" 


a 


WXio" 


Smaller 

Smaller 

SSS".:::: 

Smaller 

Smallest 


+ .a 

+ -3 


47 



56 
tii 
170 


- .1 

± .0 


"1 



Tliese data cx»itam the new result that the achromatic fringes decrease in 
size with great rapidity in both directions of the increments from the cen- 
tral podtion (a=o). Two sets were usually present. The rate ot growth as 
well as the ratio AJV/Aa is not the same on both sides ctf the poation of nuud- 
mum size (a=o). Ilie mean coefBdent may be foimd graphically as 

AW 

— — —0.56 cm./degTee «■ 3a an./radian 

An 

wbi^ is larger than the preceding estimate for spectrum fringes. 

This experiment bears directly on the nature of the achromatic 
It shows, moreover, that the compensators C and C in f^ure 88 
essential and that dlipses may be centered 
t^ rotating the mirFor m on a horizontal 
and vertical ass. It is, in fact, possible 
to increase the admxnatic £ringes indefi- 
nitely in size in this way ; but with ordinary 
glass they eventually become sinuous and 
no loiter useful. When the slit is fine 
and the ocular out of focus, well-marked 

hyperbolic patterns may be recognized; but these become straight on 
ing to the wide sUt in focus. 



iX 



93 



1 -;& 



yJt 




69. Measurement trf small ai^ies without auxiliary mirror.— This method 
makes use <rf the original apparatus, figure 73, but the two mirrors M and M' 
or N and N', figure 93, are rotated together as a rigid system around a ver- 
tical axis, at A, for instance. In view c£ the absence of auxiliary reflection, 
the method will be but half as sensitive as the preceding one, so that the 
equation 

RAa-AA/'cosi 

is sufficient to express the results. But on the other hand, if spectrum fringes 
are to be observed, there is greater abundance of Ught, since the half-silver 
film is penetrated but once by each component, ac or bd. When the achro- 
matic fringes are used the light is always superabundant and must be reduced 
in intenaty. To try this method the mir na s N and N' were mounted oa a 
good divided drde so as to rotate together on a rigid aim over a small angle a. 
The achromatic bii^es displaced in this way were restored t^ advancing 
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the minxir M' over the distance AN along the normal micrometer-ecrew 
at n'. The following is an example <^ the results of ccKresponding values at 
&N and Aa,whfin the distance apart el the rays ac and bd was 3/J-7 an.: 



These results as a whole are mudi smoother than above, for inddental rea- 
sons. From a graphic construction the mean rate AW/da-o-oSfl cm./degree 
«■ 5,0 cm./radian may be obtained. Hence, ance ai? = 7 cm. (dW/Aa)/a/? 
-0.013 in terms of degrees or 0.7a in terais o[ radians (table 37). This re- 
sult is roug^y half the preceding, if incidental errors be disr^arded- From 
the above equaticm, ance /"4S° neariy, 

AN 3R 70 , J. 

— ^- — » 5.0 cm./radian 

Aa 3 cos f 1.41 

agrees dosdy with the eacperimental result. 



Table 37.- 


per decree of minor roUtioa. 


A. Case of auxiliary mirror, fig. 88, | 


Series 
No. 


AN 


AN 


3R 


i^/- 


6,7; 1,3 

8 

9 

10, II 


cm.r 

1 

.36 


em.lToA. 
37 
33 
39 
«5 


em. 

31 

10 


•^vF^ 


B. Case of lotatinK pain of nurrors, 6g. 93. | 


' 


0.088 1 5.0 


7 


.,j./,»lla. 



70. Complementary frinfes. — Some additional attention was now given to 

the hyperbolic fringes of a fine slit and white li^t observed when the ocular 
is drawn outward or to the rear of the position for the principal focus and the 
spectroscope is removed. They appear and widen with the washed image o< 
the slit. They are quite strong, sharp throughout, and gorgeously colored, 
the fields and shades, figure 94. a, being nearly complementary in color. The 
spectrum fringes must be centered if the others are to occur. The former, 
figure 94, b, are usually long elUpGes or hyperbdic with their major axes horixon- 
tal, while the corresponding new fringes are hyperbolic with the major axes 
vertical. They are extremely senative to rotation of the micrometer miiTOr 
about a horizontal axis, riang or falling, but they soon vanish. When the 
micrometer minor is rotated around a vertical axis, an operation whidi sepa* 
rates the white slit images if originally coincident, the new fringes move 
bodily by displacement from left to right, or the reverse, depending on the 
sign at the rotation, while they continually change their oolor-scheme. When 
the design is thus displaced as a iriiole the individual fringes move as shown 
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in %ure 94, a. As a group the fringes closely resemble the lemniscates of a 
binaxialtrystalinpolaiizedlight. The variation of the ccdor-sdieme is probably 
the same, since with sodium homogeneous light the dedgn is in ycJlow and 
black. The pattern is not quit« didntnc, but appears so, red-greeti, blue- 
yellow combinations with an intermediate violet-yellowish succeeding each 
other. In polarized lig^t the figures are sharpened as a whole, but there is 
no discriminatitm. The pattern gradually vanishes with a wide slit, where- 
upon the achromatic fringes may be seen when the ocular is restored to the 
principal focal plane. 

If the white slit images pass through each other (in consequence of the 
vertical rotation specified) the direction of fringes twice changes sign in rapid 
succession, and this probably occurs when the white slit images are ann- 
cident. Barring this inveraon, the march is regularly prt^xirtional to the 
rotation. 

With the displacement {AN) of the mirror on the micrometer-screw nor- 
mal to its face, the fringes pass through a omtinuous succession of color- 
schemes, but soon vanish, for they ocandde in adjustment with the centered 
spectrum fringes. Similarly, if a pair of mirrcffs (MM' or N N', fig. 93) 
rotates about a vertical axis as a rigid system, the same continuous change 
of cdor-sdieme and evanescence is apparent. 

These interferences differ, naturally, from the spectrum interferences; 
they also differ from the achromatic interferences, whidi are much finer 
fringes, partaking of the regular fringe pattern seen with biprisms. They are 
a separate phenomenon, quite sharp and definite, occurring under like con- 
ditions c^ adjustment, but under different conditions of observati(m (ocular 
out of focus and fine slit). In the principal focus the two sharp, extremdy 
bright slit images are alone present. They are absolutely identical in struct- 
ure, however, and their spectra when superposed would interfere symmetri- 
ally throughout their extent. Under these circumstances the rays intersect- 
ii^ in the white slit images also interfere before and behind the principal 
focal plane of the telescojnc images specified, and this interference is not 
destroyed when the slit images axe separated (rotation of opaque mirTcr 
about vertical axis), or when the slit images are passed through each other. 
What is not easily seen, however, is the reason of the occurrence of large, 
sharp, definite hyperbcdic forms instead of the usual Young or Presnet fringes 
of two slits or slit images. 

On the Michelson interferometer these fringes, like the achromatic fringes, 
are extremely faint and can hardly be detected except by puttii^ them in 
slow motion. The spectrum fringes are equally strong in all cases. It appears, 
therefore, that the two half-silvers are favorable to evolving both the hyper- 
bolic and the achromatic sets of fringes. The Michelson design is thus not 
useful here, nor for the measurement of small an^es of rotation by the meth- 
ods described, as the mirrors would have to be rotated in opposite directions. 
Further work with the c(»nplementaiy fringes on different interferometers 
of the Jamin t3rpe showed that to produce the hyperbolics the fine slit tmagei 
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must ccnndde horizontally and vertically. They do not in this case probably 
ccnndde in the fore-and-aft direction, for the plates, etc., are not optically 
fiat. When the slit images are separated at the same horizontal level into 
two fine parallel lines, the complementary binges in fact become Fresnellian 
fringes, finer as the slit im^es are more separated and as die ocular is more 
rearward or forward. This is predsdy what should occur. We may condude, 
therefore, that the complementary fringes are Fresnellian taterferences of two 
sUt im^es and that the central hyperbolic forms are due to outstanding front 
and rear portions of the two slit images, which seem to ccnndde in the field 
of the telescope. Differentiated from these, the achromatic fringes are refer- 
able to the colors of thin plates. I have, in fact, also succeeded in obtaining 
the complementary fringes in the shape of broad, straight, gorgeously colored 
vertical bars, without suggestdcsi of hyperbolic contour. 




An attempt was made to get quantitative estimates of the passage c^ &inges 
on rotating the paired mir rcg s over an angle a. To ccmtrcJ the small ang^ 
the device, figure 9s. was improvised and did good service. Here « is the 
tangent screw of a divided drcle 6 inches in diameter. It is surrounded by 
a snug anniilus of cork and holds the brass ring /, on whose surface a coarse 
screw-thread has been cut. Near this and with its axis in paralH is a quarter- 
inch screw a and socket (not shown) controlled by the disk b. A stroi^ Vaiesk 
thread c is looped once around / in the grooves of the screw and once or twice 
around a, the string being normal to the cylinders and kept taut by two 
small weights, g about a half ounce and h about an ounce. The head b may 
be turned either way and the an^e read off in minutes on the head of the 
tangent screw e. 

The theoretical value, apart from glass-xiaths and other corrections, should 
be, per fringe vanishing, 

aRAa=X 
where R is the radius c^ rotation corresponding to the an^ Aa and X the 
mean wave-length of light. In the given adjustment, aR^^io cm. was the 
normal distance apart of the two interfering beams. Hence 

^ X 60X10-* ^^ . .. 

aa=-;-— ^ * 6 X lo"* radians or i.a 

aK 10 

per vanishing fringe. As the diange of glass-path of one beam would have 
to be dftducted from iR, a somewhat laiger value would be antidpated. 
Testii^ the complementary fiinges (white K^t), the passE^ of about aj 
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fringes completed the phenomenon, after whidi it paled to whiteness. Tbeas 
3$ fringes passed within Aa=o.75', or per fringe about 0.03' or 1.8" of arc. 
Of course, this is merely an estimate from the small ang^ d turn involved. 

The complementary fringes with sodium Ught are available indefinitely. 
I counted about 100 fringes tot an angle of 2.7' — i.e., 1.6" per fringe. 

Finally, using the spectrum fringes of the spectroscope, about lao fringes 
were counted within 3' — >.«., 1.5" per fringe. All ot these values are larger 
than the computed value \/aR without correction, but in view of the large 
number of fringes within exceedingly small ang^ Aor, sharp agreement is 
not to be expected. 

71. Equatioiis. — ^To completely trace out the air- and glass-paths in the 
present apparatus would lead to complicated equations ot no further inteiest 
here. I have, tber^<H%, contented myself with the preceding ^)erimental 
result, whidi is probaUy more accurate than it appears. To the first order 
of small quantities one may assert that the rotation of the mirror m (fig. 88) 
over an angle a (here to be called Aa) cuts oS the path 2RAa from the b ray 
and adds the same path to'the a ray. Hence the total diange of path is ^RAa. 

Again, dioueh the additional glass-paths at Hi and Ht (being equally 
incremented for both the a and b rays) compensate eadt other, this is not 
true at Hi and Hi for the b and a rays. Since the b ray at Ht receives no 
increment, the total glass-path increment at Ht is effective. The glass-path 
z at Hi may be written as heretofore, 



i«(^> ^sin*— j 



and hence if Ai= —a&a, ance i is decreased by aa at Ht, the glass-path incre- 
mented (dz /di), At may be found by differentiation to be 

ean_(t-f) 

— 2 A« 

cosr 

Finally, the compensation at the miatKneter-screw at <I is 2AN cos i. Hence 
when the center of dlipsCs is restored to the fidudal line, 
AW 4i?— agsin (i— f)/co6f 
Aa 2 cos i 

Here aK is the normal distance between the a and b rays, « the thidmess U 
the ^ass-plate Hi, and i, r the angles of incidence and refracti(Hi. 

In the apparatus at was not measured, but made nearly 90° by eye 
adjustment. 7R was measured. Hence, in the first set of experiments, 

»=»4S°. /("I-53. '"ay-S". aJ?-2icm., *»"o.7ocm. 
and 

AN 43— 2Xo.7oXo-3o/o-89 cm. 

An 3X0.707 ' radian 

This is larger than the corresponding experimental value 27 coL/radian, but 
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no niCR« so than the estimated data imply. In fact, the particular adjust- 
ment for achromatic fringes gave a larger result r = 33 cm./radian, for reasons 
cot apparent. One may note that the correction for glass-path is small. 

With r^ard to the api^cation to the electrometer, we may come to the 
followisg condusion: A good instrument of the quadrant or similar type 
should give about a radian of deflection per volt, or a microradian per micro- 
volt. In the present interfertnneter the microradian is about equivalent to 
the passage of one interference fringe. Hence one fringe per microvdt is 
about the order of senativeness obtainable. 

72. Separated ri^d vertical system. — ^The method tised above, (^ attach- 
ing the deflecting mirrors at 45° to the U-tubes, is faulty in design and dif- 
ficult to adjust. It was, therefore, subsequently discarded in favor of the 
i^id deflecting system, figure 96, conssting of a wide mirror at 45°, m, and 




a horizontal mirror m'. Both must be provided with adjusting screws for 
axes respectively parallel to the traces m and m' and ncwmal to t^ diagram, 
if the fringes when found are to be centered and enlarged. It is particularly 
essential that the framewwk supporting m and m' be rigid, otherwise the 
quiver introduced here is superposed on and accentuates the corresponding 
tendency ot the very mobile Uquid column. This is contained in the brass 
tube C (with g^ass window at j:) which is supported on an independent stand- 
ard, rigidly. There are two c^ these tubes (C, C\ fig. 97), ade by side, 
parallel, and at the same levd, one for eadt component beam. As the rays 
oc/t are to retrace thdr path, the apparatus, figure 88. should be used, with 
the miiror m cA that figure tilted up as in figure 96. Hence the two component 
beams m and bf, figure 88, inolanged as at eh, figure 96, eadi penetrate a 
ctdumn C and are returned by the normal mirror m'. Ttnis one reflection 
(rf the old method is obviated and adjustment is facilitated, ance both beams 
are reflected from the common mirrors m and m'. To asast in the prelinrinaiy 
adjustment, the rigid system m, m' should be capable of revolving rou^y 
about a vertical axis. With a wide beam the rays may then be guided by 
the eye to retrace their path. Pine adjustment is made by the triple screws 
00 m and m' already mentioned. 
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The fringes in coinddeat spectra should first be sought. When found 
they will usually be very small. They may then be centered by rotating 
the mirror m about the homoatal axis, cautiously. Th^ may be enlarged 
by rotating m with the same caution around the axis parallel to its trace in 
the diagram. The latter operation (or both) succeeds best with the adiro- 
matic fringes of a wide slit (no spectroscope). The horizontal axis is employed 
for erecting them, the axis parallel to the diagram for enlarging them, use 
being also made of the micrometer-screw at d on Ht, figure 88, if the fringes 
escape. In fact, the achromatic fringes are so sharp and limunous that is 
a quivering system the fringes are distinctly seen at the two ekn^ations, 
doubled by the quiver. 

To adequately support the mirrors m and m' reasonably free from vibra- 
tion, a rectangular wooden yoke F F, figure 97, is best, so loi^ as the instal- 
lation is not permanent. T^ yoke is made of indi boarding about 18 indies 
high, 1$ indies tnoad, and 3 inches deep. It is b^ted below at d to the iron 
carriage 5, and thus capable of rotation around a vertical ans and of slid- 
ii^ normal to its face on the iron slides B B' (about 1.5 meters long) of the 
base. 5 and B B' ase arranged like a lath-bed. 

The mirror m', v^ch is horizontal, is adjustably attached to the top of 
the frame F F; three adjustment screws (two seen at a, a") and the strong 
spring 5 (pulling upward) amtrol the position of m' with the usual plane dot- 
slot mechanism and axes of rotation parallel to and normal to the plane of 
the frame. 

The board cairyii^ the mirrcr m may be roughly set at 45° to the 
vertical by rotation cm the strong hoiXs bb' and damped in position. The 
mirror m is attached to it by tiiree adjustment screws and a learward-actii^ 
spring, as shown in the case of m'. The axes of rotation are paralld to the 
two ec^es of m, and all fine adjustment, together with the final rotation of 
fringes and changes of their size, are made here. 

The ccdunms of the U-tubes C and C must be supported from an inde- 
pendent bracket, suitatdy braced from the wall or &om a separate pier, if 
liquid surfaces are in questacm. A part of this free support, the taUe, also 
of wood, appears at D, and boles are cut in it suffidently large for the passage 
of the two beams of hght a, a', whidi retrace their paths between m and m', 
pasang throu^ C and C. The tatde D is provided with three leveling screws 
(two shown at c and 1/) on which a plate of thick ^ass G may be mounted and 
made accurately horizontal by aid of a spririt-level. The two columns C and 
C, j<nned by a fieadble rubber pipe and provided at the bottom with glass 
windows, are pJaced on 6^, so that the beams c^ lig^t pass through their axes. 
The magnetidng heUx of each is shown at # and f'. 

It is obvious, therefcHC, that the two ctdumns of liquid in C and C are of 
the same height and thdr ends parallel, other things being equal. Hence, if 
the apparatus is adjusted for the achromatic fringes in the absence of the 
U-tube C C, it will be nearly in adjustment when the coltmins are introduced; 
and this proved to be the case. The rigid system is easily adjusted for strong 



Digitized DyGOOgle 



REVERSED AND NON-REVERSED SPECTRA. 141 

vertical adiromatic fringes. The binges are found with a few turns of the 
micronieter after the liquid w has been poured in. 

The fringes as seen through the liquid o^umns are still strong and clear, 
with scarcdy any deterioration; but unfortunately in this locality they are 
in incessant and vigorous vibration. It is indeed astonishing that a phenome- 
non so sensitive can survive sudi lelativdy rough treatment. 

With this apparatus the endeavw was £^ain made to determine the sus- 
oeptibiUty of water. Good fringes were first produced, but for all levels of 
the water-surfaces the ^Eect of the presence or absence of a nu^etic field 
was quite ml, so far as any appreciable displacement of fringes was concerned. 
They remained in place while the current in the helix was alternately dosed 
and opened. The reascm for this completely negative result I am unaUe to 



In a repetition of such experiments tubes much wider than 4 cm. should 
be used. At this diameter the liquid surfaces still show appreciable curvature, 
which is an annoyanoe. 

The yoke, figures 96 and 97, is finally a considerable convenience in the meas- 
urement of vertical angles near the zenith. The rotation of the mirror m' around 
its two axes is here availaHe. Hori2ontal achromatic fringes in all these cases 
may often be produced and used to advantage. In such a case the two 
adjustment screws of the mirror m' change their function, and the fringes 
travel up and down the wide slit image with <±anges of AN. As this image is 
more extended vertically than horizontally, the fringes are much longer in 
aght. Fringes are largest when the planes of symmetry of pencils of rays 
accurately retrace their x^aths. But as large fringes are apt to be irregular, 
a small angle of reflection at the mirror m' is preferable. 

73. The displacement Interferonietiy ctf long distances. — In the preceding 
paragraphs I suggested two methods for the measurement of small angles. 
The first (fig. 88) used an auxiliary mirror, and, apart from oorrections, the 
angle Aa over which the auxiliary mirror m turns is 
(i) Aa-ANcosi/aR 

where AA^ is the displacement ol one of the plane mirrors parallel to itsdf 
necessary to restore the achromatic fringes to their fonner poation in the 
field of the telescope, 1 the an^ of incidence (conveniently 45°), 2R the 
normal distance apart {ab or cd) oi the (paralld) inteifering pencils in the 
fore-and-aft direction of the incident beam. In the second method (fig. 93) 
the auxiliary mirror is dispensed with and the rotati(xi (tf a rigid system of 
paired mirrors is used. The sensitiveness is half the preceding. 

Suppose that the paired mirrors near the telescope (figs. 88, 93) confront 
but a part of the area of the objective and that the telescope can therefore 
look over the mirnvB directiy into the r^ion * beyond, as shown at K. The 

• A wriea of small mirrors or reflecting prisma may be employsd to the tune poipose; 
or the miiTDiB may both be haU-nlv«i«d and tnn^wrent. 
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tdesoope now contains two inu^ies, the first due to rays (K) enterii^ it directly, 
the second due to rays (L) reflected into it by the mirrors c£ the interferometer. 
Suppose the object seen lies at infinity like a star, that its two images are made 
to condde by adjusting the angle a, and that the achromatic fringes have 
been brought into the field by ad jiisting the micrometer displacement N. 

Now let the ang^ a be dianged by Act until the two images of an object M 
at a measurable distance d coincide. Displace the micrometer miiTor by iJf 
until the achromatic fringes are restored to thdr former poaticoL Let b be 
the effective distance apart {ac or bd) oi the paired mir rors in the direction 
right and left to the observer or transverse to the impii^ing rays (L), and 
finally s the angle at the apex of the triangle (^ ^ht on the base b — i.e., the 
small angle between the present rays KL. Then 

(3) d— b CXAg s=b COtg a Aa = b/2Aa 

(neaiiy) by the laws of reflection. Hence from equation (i) 

(3) d=bR/ AN cost 

Here abR is the area of the ray paraQeUigram oi the interferometer {nMc, 
fi^. 88). Uang the constants c^my apparatus, lett3-4s'', R—10 cm., 6— aoo 
cm., AAT— lo'* cm., the latter being the smallest division on the micrometer. 
Hence 

(i = 2ooXio/io-*Xo.7i =2.8X10* an. — 280 kilometers 

or about 170 miles, is the limit of measurement of the apparatus. 
Again, from equation (3) the sensitiveness i(AN)/Sd, since 

(4) Sd= (d* cos i/bR)SiAN) 

is inversely pn^xnlional to the square of the loi^ distance d and the area ot 
the ray paralldogram ibR. Thus with the above constants, if d is 2 kilometers, 
S{AN)-iQ-*<xa., 

td'=id^cxxi/bR)KAN) 

Thus an object at about a mile should be located to about 30 feet. Per frit^ 
of mean wave-length X, moreover, ^ce Sd - >iP/abR, the placement should be 
about 6 meters at a kilometers. I have stated the case, of course, merely for 
the interferraaeter, not for subsidiary optical appurtenances, nor for measure- 
ment by angular fringe displacement. 

74. Theory. — To account for these phenomena theoretically the equations 
of displacement interferometry are available; f(»* the center of ellipses ot these 
and the central member of the achromatic firinges correspond to the same 
position, AN, of the micrometer mirror. In fact, the fine white slit image 
which produces the spectrum when observed through the spectroscope is the 
central achrranatic fringe when the spectroscope is removed. We have, there- 
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fore, for the centers oi ellipses in the spectrum fringes the equation heretofore 
deduced, 

cosRdki 



sAJVcoGt 



.■=*{o.- 



i)oosi? 



where AN is the displacement c^ the micrometer to restore the center d 
binges to their origin&l position in wave-length X, when the angle of incidence 
at the mirror is i, after a glass plate of thidmess « and index of refraction n 
is introduced in one compcoient beam, at an angle oi incidence corresponding 
to the angle of refraction R in the plate. This is equivalent to an equation 
in terms of the coordinates N, if ii^A+B/\* is assumed, 

iNoosi^eit cos R+aeB/X* cos R 
But for the colors of thin plates we may write 

nX = 3«/( cos ii 
where n is the order of the fringe. If the rays, as in the present experiment, 
do not retrace their paths, the factor a is omitted, whence 
aW COS i'=iA+aeB/\* cos R 

Let N and n vary together, i, R, X, e, B, it remaining constant. Then 
3C0Sf-AA^BX-An 
How let Afp be the ai^ular breadth c^ a fringe in the telescope, so that 

tfA»fi~&9 
In other words, the displacement A0 of the group of fringes is due to the 
■displacement of the individual fringes as usual; but as only those achrcnnatic 
fringes which coincide in micrometer vahie A^ with the centers of the elliptic 
spectrum fringes are visible, the displacement of the group is actually seen 
and thus determinable. It would not be so in case of sudden displacement 
and homogeneous light. 

Finally, the relative sensitiveness of the measurement of the angle Act, 
directly in terms ctf AN and indirectly in terms of the displacement (^ achro- 
matic fringes, must be presented. The given rough data in table 38 are as 
«lose as they could be obtained from the small displacements entering. The 
quantities to be conyiared are: AN, the displacement of the micrometer; Aa, 
the c(»Tesponding rotation of the auxiliary minor in the first method ; A^, 
the angle subtended by a ^n^e fringe in the telescope, and Atf, the corre- 
sponding an^e of the displacement of the fringes in the telescope. A9 was 
constant throughout and measured about 3 mm. in the ocular of a tdesoope 
33 cm. long. 

Tablb 38.— Values of AN, At, A^, Aa, All angles in radians, AN in cm. 



A«Xio' 


A^XiC 


A.NXiO' 


AoiXio* 


a«/A» 


At/Aa 


AwiAfXIO* 


A*'A<»Xio' 


9000 
9000 


500 
1500 


730 
250 


51 


lU 


170 
500 


0.365 
■375 


0x06 
.oa; 
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Here Aa is computed from equaticm (i), where i*4S° and 3i?«io cm-r 
about. The fringes of width lOo" and 300" were both brilliant and capable 
of hifh magnification. 

Thus it appears that the Mnges travel faster in proportion to their width, 
or if A«> increases n times, AJV (for the same tdescopic excura(Hi AS) will 
decrease n times. Again, the fringes travel as a body over hundreds of times 
the angle described by the auxiliary mirror {Aa), when both are observed in 
the telescope. In the table A$/Aa is 170 to 500 and could be increased 
indefinitdy for larger fringes. The rotation Aa seen in the telescope would 
bebutaAa. This is the gist (^ the present method of measuring small an^es — 
*.«., ^ Jringe ittdex ptoves trough the telescopic field many huwked times faster 
thoH the image of the sUt wkick measures the change of Aa direcUy. 

Finally, for the same A$ or displacement d the fringe group, AtxA^ is a 

constant, say C, or 

Ae-=CAvAa-CAvAN 

where 

9000 -, 9000 

C •" T"~340,ooo C'= = 34,500 

0.0365 0-370 

It is not necessary to obtain sharper data, because these constants can be 
found theoretically. It will presently be shown that 

C.4R/X.C'.'-^ 

where R is the radius of rotation measuring a. Thus 

AO AwAy 3AyC08*' 

AN~ AN ~ X 
If the Av» in the table be used, and X-6oXio-* cm., »«45°. the results are 

Ap = SooXio-* 1500X10-* 
AB/AN~ii-& 35*3 (computed) 

AS/AN— la 36 (observed) 

results which a^ree with the values d the table as dosdy as these subtle 
measurements permit. 

A few words may be added relative to the size of fringes so far as the glass- 
paths are concerned, the air-path conditions having been steted. For this 
purpose the equation of the phenomenon may be written 

mX = ae^ cos J? — 3 W cos « 
where N is the coordinate of the mirror at the micrometer. When the center 
of ellipses (or ol achromatic frii^es) is at wave-length X, N^N,, the value 
given for centers above. lin,i,R above vary, while e, ix, X, N are fixed, since 
ani^nwiR, 



^=X" 



dn 2N sin t — ae tan R cos t 
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BO that the size A^ is infiuenced inversely as the effective thickness e {i.t., the 
difference of thickness) of plates and depends on the position N of the microm- 
eter. E N~N,-t (jx cos R+2B/K* cos R)/cob * 



dn aeiji cos R tan » — cos * tan J?+ »B taa » A* cos R) 

XcoeR 

2« tan »■((;.»- i)/;(+jBA*) 

Since »— 45", R-ay'g', X«6oXio-* cm. 

60X10-' 

3«(i.55Xo-89-o-5»3Xo.7i+o.o3) 

The paientbeas is 1.05. Hence 

,_— nearly 

whidi would malce the effective glass thidcness (■10.06 cm. and 0.0a cm. for 
j^«5Xio-* radian and i5Xio~* radian, as above. Moreover, the rays K, 
figure 93, entering the telesn^ from the for^round directly and the rays L 
reflected into it by the plates of the interferometer, vill not be parallel when 
the fringes are of jnaxiimmi axe unless the plates M and N are equally thidc 
Finally, the size ai binges in general (apart firom wedge-shape of plates) will 
be inversely as the effective differential thickness < of the plates used. 

If we ocdlect the above equations* we may write roughly (once #— — r- 
neaily), " 



Aff-— r— ApAN- AiV d-' 



A^ cos i «A0 

80 that the measurement of the long distance d depends ultimately on the 
area of the lay paralldc^ram 2bR, the differential thickness « of the corre- 
sponding half-fiilveis, and the (relatively to Aa) enormous displacement A0 ol 
tlie achromatic fringes. 

Finally, if optic plate-glass were used for the half-alvered mirrors, the 
parallelism of rays KL would coincide with the occurrence ot centered or 
circular achromatic fringes; while the wh<de preliminary adjustment of mir rors 
for paraDebsm would consist in twinging the image from LMN'T, figure 93, 
and frcnn LM'NT, successively into coincidence with the direct image from K, 
in case <rf a very distant source of light. 

The remarkable sensitiveness which accrues to the method, if the angular 
diq>lacement of fringes is measured in the ocular of a long tdescope, comes 

'The text unduly accentuatn the gloM-paUu, whereas the air-patha are more impor' 
tant. I duUl sivQ a tigorout deductioii of all the path-differeDcet in my next Report to 
the InsthutiOD, irtKra they will be snstained in detait by czpecimenta. 



Digitized DyGOOgle 



146 INTERFEROMETRY OF SPECTRA. 

out clearly if the last equation f or (f is used. In case of ccoTespoading incr^ 
ments Sd and <(AS), this equation is equivalent to 

-«-||- KM) 

But if L is the length of the telescope and Bn the micrometric displacement d 
fringes in the ocular corresponding to id, 

whence 



Thus if e, the diSerenoe in thickness of the corresponding half-alver mirrors, 
and Sn be each even as lai^ as o.i nun., and d a kilometer, 

d = io*cni., *"-io"'cni., b=>aoocm., J? — locm., L^jocm., 5M"io-*cm. 



300X10X50 

With these very moderate estimates a distance of i kilometer should be 
measurable to 10 cm., so far as the glass-paths of the interferometer are 
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